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Abstract. Motivated by the fact that in nature almost all phenomena be- 
have randomly in some scales and deterministically in some other scales, we 
build up a framework suitable to tackle both deterministic and stochastic ho- 
mogenization problems simultaneously, and also separately. Our approach, 
the stochastic T,-convergence, can be seen either as a multiscale stochastic ap- 
proach since deterministic homogenization theory can be seen as a special case 
of stochastic homogenization theory (see Theorem (Sjl, or as a conjunction of 
the stochastic and deterministic approaches, both taken globally, but also each 
separately. One of the main applications of our results is the homogenization 
of a model of rotating fluids. 



1. Introduction 

A wide range of scientific and engineering problems involve multiscale phenom- 
ena. Roughly speaking, each matter is characterized by its own geometric dimen- 
sions which are very often several order of magnitude larger. The study and the 
understanding of these issues demand the development of new mathematical tools 
and methods. Homogenization theory is such a tool which now occupies a central 
place in contemporary mathematical research. 

Deterministic problems in the periodic setting prominently featured in the first 
decade of the development of the theory till the pioneering works of Kozlov [JIJ [25] , 
Papanicolaou and Varadhan [37] in stochastic homogenization in the late 1970s. 
Since then intense research activities have been undertaken with a great wealth of 
results as shown by the vast existing literature to date, see e.g., [H [51 [TUl [TBI [T71 
[33lMl|43|4ll[4i[50l|5ll[53l[5l[55l[56]. It is worth noting the interesting work 
on stochastic homogenization in the framework of viscosity solutions by several 
prominent mathematicians [TTJ [121 ESI [ISl [3^ • 

In order to deal with deterministic homogenization theory beyond the periodic 
setting, Nguetseng [3T], following Zhikov and Krivenko [5S], introduced the concept 
of homogenization algebras. This theory relies heavily on ergodic theory (but not 
the ergodicity!) because in applications, the assumption of ergodicity of the homog- 
enization algebra considered is fundamental. It is important to note that there was a 
gap between the periodic homogenization theory and the stochastic homogenization 
theory, gap which was filled by Nguetseng's deterministic homogenization theory. 
However as we will see in the present work, this recent deterministic theory can be 
viewed as a special case of a generalized version of the stochastic homogenization 
theory of Bourgeat et al. [10] which we construct. Indeed, Theorem [3] (see Section 
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2) allows to build on the spectrum of an algebra with mean value, a dynamical 
system whose invariant measure is precisely the measure related to the mean value 
defined on the algebra. As a result of the above-mentioned theorem, we get a gen- 
eralization of all the results presented in [31] [32] , those in ^Slj |32j being the special 
case corresponding to ergodic algebras; see Section 4. 

The two theories mentioned above have the specificity to be used to solve ei- 
ther stochastic homogenization problems only (for the first one) or deterministic 
homogcnization problems only (for the second one). Unfortunately, as we know, 
in nature, very few phenomena behave, either just randomly or deterministically; 
most of these phenomena behave randomly in some scales, and deterministically in 
other scales. 

Motivated by this vision of the physical nature, we rely on these two theories and 
hence on their associated convergence methods (the stochastic two scale convergence 
in the mean [TU] and the E-convergence [3TJI37]) to propose a general method of 
solving coupled - deterministic and stochastic - homogenization problems. Our 
method, the stochastic T,-convergence, combines the macroscopic and microscopic 
[random and deterministic] scales, and has therefore the advantage of taking both 
the simplicity and the efficiency of the macroscopic models, as well as the accuracy 
of the coupled random-deterministic microscopic models. Moreover our multiscale 
approach is motivated by the fact that the usual monoscale approach has proven to 
be inadequate because of prohibitively large number of variables involved in each 
physical problem. One can also give at least two reasons quite natural. Firstly, 
a scale can not be at the same time deterministic and random. Secondly, the 
application of our results to natural phenomena; see Sections 5 and 6. To be 
more precise, our method permits henceforth to treat deterministic homogenization 
problems without resorting to the ergodicity assumption on one hand, and on the 
other hand allow viewing the stochastic two-scale convergence in the mean [10] in 
a more general angle as generalizing the E-convergence j3H I32j . 

We hope that the theory developed in the present paper will find applications 
in the emerging field of homogenization of stochastic partial differential equations 
undertaken in the papers [2] , |43) in the periodic case and in |38| in the case of non 
periodically perforated domains. 

The paper is organized as follows. In Section 2 we give some preliminary results 
related to the theory of dynamical systems on abstract probability spaces. We 
also define and give some fundamental properties of generalized Besicovitch spaces. 
Section 3 is devoted to the study of the concept of stochastic S-convergence. We 
prove therein some compactness results. In Sections 4, 5 and 6, we give several 
applications of the earlier results. We begin in Section 4 by showing how the 
results of Section 3 apply and how they generalize the existing results; this is 
illustrated by the study of a rather simple linear operator in divergence form. We 
then compare our results with the already existing ones. In Section 5 we study 
the homogenization problem for the well-known nonlinear Reynolds equation. One 
important achievement of our results is obtained in Section 6 where we solve the 
coupled stochastic-deterministic homogenization problem related to the following 
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Stokes equation: 

- E a|- \aij{x,T{x/ex)uj,x/e2)^) + h"^ x +gradp£ = f in Q 

div Ug = in Q 
Ue = on dQ. 

We get the following homogenization result which is, to our knowledge, new. 

Theorem 1. Assume 

(1) aij{x,LJ,-) e A for all {x,uj) G Q x Q, 1 < i,j < N, and h e L°°{fl;A)^. 

For each < e < 1 and for a.e. u} e fl let u^{-,uj) = (m^(-,w)) G Hq((5) be the 
(unique) solution of the above Stokes equation. Then as e ^ 0, 

Ug — >■ Uq stoch. in L^{Q x fl)'^ -weak 

and 

du ^ Ou^^ dzi ^ 

— ^ —2- + D. ^it? + — ^ stoch. in L^iQ x VL)-weak S (1 < j, < N) 
oxj oxj oyj 

where u = (uo,ui,U2) is the unique solution to the following variational problem: 

a{u, v) + / / (h X Uo) • Wodxdfj. = (f , vq) for all v = (vq, vi, V2) e FJ 

J JqxQ 

with: 



^ L»i,<^^^? + 9i^;^ ) dxdpidfi; 



h(w) = / h(w, s)rf/3; 
(f,vo)= / (f(-,w),vo(-,u;))jj_i(Q)„_jji(Q)iv 



and 



9jU2 = Qxipu-ildyj) (and a same definition for diV2)- 



Unless otherwise specified, vector spaces throughout are assumed to be complex 

vector spaces, and scalar functions arc assumed to be complex valued. Wc shall 
always assume that the numerical spaces M™ and their open sets are each equipped 
with the Lebesgue measure. 

2. Preliminaries on dynamical systems and generalized Besicovitch 

SPACES 

2.1. stochastic vector calculus. We begin by recalling the definition of the 
notion of a dynamical system. Let {Q,M,ij,) denote a probability space. An N- 
dimensional dynamical system on f2 is a family of invertible mappings T {x) : — > 
Cl, X £ M^, such that the following conditions hold: 

(i) {Group property) T (0) = idn and T (x + y) = T{x)oT{y) for all x, y E M.^ ; 

(ii) {Invariance) The mappings T (x) : fi — )■ fi are measurable and /x-measure 
preserving, i.e., fj, {T (x) F) = ^, (F) for each x G and every F G A4; 
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(iii) (Measurability) For each F e M, the set {{x,uj) e R'^ x n : T {x) oj £ F} 
is measurable with respect to the product cr-algebra where £ is the 

cr-algebra of Lebesgue measurable sets. 

We recall that in (i) above, the symbol o denotes the usual composition of map- 
pings, and in (iii), £ (X) is the cr-algebra generated by the family {L x M : L £ £ 
and M G M}, L x M being the Cartesian product of the sets L and M . 

If O is a compact topological space, by a continuous TV-dimensional dynamical 
system on f2 is meant any family of mappings T{x) : — > il, a; S , satisfying the 
above group property (i) and the following condition: The mapping {x, uj) i— T[x)uj 
is continuous from x O to fi. 

Let 1 < p < oo. An A'^-dimensional dynamical system T (x) : f2 — > induces a 
A^-parameter group of isometrics U {x) : LP{il) — > LP{n) defined by 

{U{x)f){uj)^ f{T{x)uj), feLP{n) 

which is strongly continuous, i.e., U {x) f ^ f in LP{n) as a; — )■ 0; see [22l p. 223] 
or [33l p. 131]. We denote by Di^p (1 < i < N) the generator of U{x) along the ith 
coordinate direction, and by 2?i_p its domain. Thus, for / G L'P{n), f is in Di p if 
and only if the limit Di^pf defined by 

Di,pf{uj) = Imi 

T->0 T 

exists strongly in L^ifl), where denotes the vector (^ij)i<j<jv' ^ij being the 
Kronecker 6. One can naturally define higher order derivatives by setting Dp = 
Dilp ■ ■ ■ D%'^p for a = (ai, aN) G N^, where D,^; = A,p o • • • o A.p, a,-times. 

Now we need to define the stochastic analog of the smooth functions on M^. To 
this end, we set 'Dp{il) = l^iLiT^i.p a-nd define 

V^{n) = {/ e LP (n) : D^f e Vp{n) for all a G N^} . 

It is a fact that each element of 'D'^{n) possesses stochastic derivatives of any 
order that are bounded. So as in [1 we denote it by the suggestive symbol C°°{fl), 
and also as in r it can be shown that C°°{n) is dense in LP{n), 1 < p < oo. 
At this level, one can naturally define the concept of stochastic distribution: by a 
stochastic distribution on is meant any continuous linear mapping from C°°{fl) 
to the complex field C. We recall that C°°(ri) is endowed with its natural topology 
defined by the family of seminorms A„(/) = sup|jj|<„ sup^^gQ |D^/(a;)| (where 
|a| = ai + ... + aN for a = (ai, ...,aAr) S N^). We denote the space of stochastic 
distributions by (C°°(il))'. One can also define the stochastic weak derivative of / e 
(C°°(r2))' as follows: For any a G N^, D"f stands for the stochastic distribution 
defined by 

(z?"/)(0) = (-i)l"l/(z?^(/.) ^cj^eC^m. 

As C°°(fi) is dense in LP{n) {I < p < oo), it is immediate that LP{n) C (C°°(f}))' 
so that one may define the stochastic weak derivative of any / e LP(il), and it 
verifies the following functional equation: 

(D^f) (0) = (-1)1"! / fD^^dfi for all cj, e C°°(r!). 

In particular, for / e Vi^p we have — fDi^oo<j>d^ = (pDi pfdfi for all (j) G C°°{^1) 
so that we may identify Di^f with -D"*/, where ai = {Sij)i<:j<:N- Conversely, if 
f e LP (fl) is such that there exists /, e LP (Q) with (£>"•/) {ct)j = - ^ Mdfi for 
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all (j) e C°°{^), then / € Vi^p and fi.p/ = Therefore, endowmg 'Dp{^l) with the 
natural graph norm 

N 

ll/ll?>,(a) = 11/11^(0) + E II A.p/llL(n) (/ e ^^pC^^)) 
1=1 

we obtain a Banach space representing the stochastic generalization of the Sobolev 
spaces W^'P (R^), and so, we denote it by W^^p{Vl). 

Now, returning to the general setting of dynamical systems, we recall that a 
function f G (O) is said to be invariant for T (relative to fi) if for any x G R^, 
f oT [x) — f fi-a.e. on f2. We denote by (O) the set of functions in (fi) 
that are invariant for T. The set (fi) is a closed vector subspace of (fi). The 
dynamical system T is said to be ergodic if every T-invariant function / G 1^^ (f2) 
is constant. We have the following very useful properties for functions in (fl). 

(PI) For / G {Q), and for ^-a.e. uj e ft, the function x h-> f{T{x)uj) is in 
C°°(R^) and further D'^f {T{x)(^) = (Df/) {T{x)uj) for any a G N^. 

(P2) For / G (f7), we have / G (17) if and only if = for each 

l<i<N. 

Let 1 < p < cx). Thanks to (P2) above, one can easily check that, for f (z (il), 
/ is in /^^ (il) if and only if Di,pf = for all 1 < z < N, since Di^p is the restriction 
to _LP(ri) of Di i. So if we endow C°°{il) with the seminorm 

N 

(2.1) lkll#,p = Ell^^.p"llL.(n) (^^ec-(f7)) 

'i=i 

we obtain a locally convex space which is generally non separated and non complete. 
We denote by yV^'^iil) the separated completion of C°°(ri) with respect to the 
seminorm |Hj-^p, and we denote by Ip the canonical mapping of C°°(r2) into its 
separated completion H'^'''(r2). It is to be noted that W^'P(O) is also the separated 
completion of C°° (H.) / {IP^{il,)r)C°° {fl)) with respect to the same seminorm since for 
u G C°°(f7) we have = if and only if u G /L(f^), that is u G /Pjl7)nC°°(17). 

The following property is obtained through the theory of completion of uniform 
spaces; see, e.g., O Chap. II, Sect. 3, no 7]. 

The gradient operator D^ ^ — {Di^p, D^^p) : C°°(ri) — > {fl)'^ extends by 
continuity to a unique mapping D^^p = {Di_p, ...,D]y^p) : yV^'P(ri) (fl)'^ with 

the properties 



and 



\ 1/P 




Moreover, the mapping D^ p is an isometric embedding of yV^'P(il) into a closed 
subspace of U" (^i)^, so that the Banach space >V^'P(f7) is reflexive. By duality we 
define the operator div^,p' : L^' {nf ^ {W^^P{n))' {p' ^p/{p-l)) by 



(diV(^_p/u, w) = - (u, D^^pw) for ah w G W^'^ {Vl) and u = {m) G L^' (il) 



N 
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where (u, D^^pw) = X^i^i /n UiDi^pwd^. The operator divi^^p' just defined extends 
the natural divergence operator defined in C°°(il) since for all / e C°°{Vl) we have 

A,p/ = A,p(/p(/)). 

The following result will be of great interest in the next sections. 

Proposition 1. Let v e {^)^ satisfying 

[ V grf/i = for all g e Vdiv - {f e C°°{nf : div^^yt = 0}. 
Jn 

Then there exists u £ W^'P(r2) swc/i that v = Duj,pU. 

Proof. We need to check the following: (1) div^y is closed; (2) {div^,p')* — ~D^,p 
where (divcj,p')* is the adjoint operator of d\Wuj,p'', (3) Ran(Z3i^,p) is closed in (fi)^ 
and finally, (4) v is orthogonal to the kernel of div^^p/. Indeed (l)-(3) will yield 
Ran(Z)t^,p) = (ker(div„^p'))^ by a well-known result (see, e.g., [SHI Chap. 13, 
p. 352, Thm 13.8]) where (ker(div„ p'))-*- denote the orthogonal complement of 
ker(divtj^p'), and finally the proposition will follow at once from (4). So let us check 
them. 

(1) is trivial, (2) is a mere consequence of the definition of div^^^p'. As for (3), if 
v„ = Duj,pUn G Ran(Dcj,p) is such that v„ — >• v in LP{n)^ , then is a Cauchy 

sequence in W^'^(ri) and so, converges in yV^'^(ri) towards some u G W^'^{il), that 
is, Du),pUn — > Duj,pU in (fi)^, hence v = Du:,pU. Finally for (4) it suffices to 
show that Vdiv is dense in ker(divi^_p'). To see this, let g S ker(div^ p/); arguing as 
in the proof of Lemma 2.3 (b)] there exists a sequence (g„)„ C Vdiv such that 
Sn ^ g in i^)^ ■ The proof is complete. □ 

We end this subsection with some definitions. Let / be a measurable function in 
51; for a fixed uj £ fl the function x i— ^ f{T{x)uj ), X G R^, is called a realization of 
/ and the mapping {x,uj) H' f{T{x)u}) is called a stationary process. The process 
is said to be stationary ergodic if the dynamical system T is ergodic. We will also 
use the notation div;^ instead of divuj.p', accordingly. 

In the forthcoming sections we will adopt the following notation; Di^ will stand 
for Di^ p, and. Di p (resp. I?i,p) will be denoted by Di^^^ (resp. Di ^^) if there is no 
danger of confusion. 

2.2. Homogenization supralgebras. We use a new concept of homogenization 
algebras. This concept has just been defined in a more recent paper [32 . It is more 
general than those defined in the papers (31] [55] because we do not need the algebra 
to be separable (as in |31j). or to consist of functions that are uniformly continuous 
(as in [55! ) ■ Before we go any further, we need to give some preliminaries. Let 
H = (iJe)e>o be the action of (the multiplicative group of positive real numbers) 
on the numerical space IR^ defined as follows: 

(2.2) H,{x) — {xe R^) 

where ei is a positive function of e tending to zero with e. For given e > 0, let 

u^ix) = u{H^{x)) {x e R^). 

For u e Lj'^^(R^) (as usual, R^ denotes the numerical space R^ of variables 
y — (yi, yjv)), lies in Lj'^^(R^). More generally, if u lies in L^^^(R^) (resp. 
LP(R^)), l<p< +00, then so also does u^. 
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A function u E B{M.y ) (the C*-algebra of bounded continuous complex functions 
on M-y) is said to have a mean value for H, if there exists a complex number M{u) 
such that — >■ M{u) in L°° {M.^ )-weak * as e — > 0. The complex number M{u) 
is called the mean value of u (for T-L). It is evident that this defines a mapping M 
which is a positive linear form (on the space of functions u £ B{M.y ) with mean 
value) attaining the value 1 on the constant function 1 and verifying the inequality 
|M(u)| < \\u\\^ = supjjgjjjv \u{y)\ for all such u. The mapping M is called the mean 
value on M.^ for T-L. It is also a fact, as the characteristic function of all relatively 
compact set in lies in L^{U.^), that 

(2.3) M{u) = liiir / u{y)dy 

r^+oo \Br\ Jb^ 

where stands for the bounded open ball in with radius r, and \Br\ denotes 
its Lebesgue measure. Expression p.3p also works for u E Ll^^CR^) provided that 
the above limit makes sense. In connection with the dynamical systems, we have 
the following BirkhofF ergodic theorem (see [IB])- 

Theorem 2 (Birkhoff ergodic theorem). Let T be a dynamical system acting on 
the probability space (51, A^,/i). Let f G LP{fl), p > 1. Then for almost all lo G 
57 the realization x f{T{x)uj) possesses a mean value in the sense of (|2.3p . 
Furthermore, the mean value M{f{T{-)uj)) is invariant and 

f f{io)dfi^ f M{f{T{-)u:))dti. 
Jn Jn 

Moreover if the dynamical system T is ergodic, then 

M(/(r(-)w)) = / fd^l for n-a.e. LoeVL. 
Jn 

Definition 1. By a homogenization supralgebra (or iJ-supralgebra, in short) on 
for T-L we mean any closed subalgebra of BiM.^) which contains the constants, 
is closed under complex conjugation and whose elements possess a mean value for 

n. 

Remark 1. From the above definition we see that the concept of i?-supralgebra 
is more general than those of i?- algebra [3S] and of algebra with mean value |55) . 
In fact any separable -ff-supralgebra is an iJ-algebra while any algebra with mean 
value is an _ff-supralgebra as any uniformly continuous function is continuous. 

Let A be an iJ-supralgebra on (for T-L). It is known that A (endowed with the 
sup norm topology) is a commutative C*-algebra with identity. We denote by A (A) 
the spectrum of A and by Q the Gelfand transformation on A. We recall that A(A) 
(a subset of the topological dual A' of A) is the set of all nonzero multiplicative linear 
functionals on A, and Q is the mapping from A to C(A(A)) such that Q{u){s) ~ 
{s,u) (s € A{A)), where (,) denotes the duality pairing between A' and A. We 
endow A{A) with the relative weak* topology on A' . Then using the well-known 
theorem of Stone (see e.g., either [55] or more precisely Theorem IV. 6. 18, 
p. 274]) one can easily show that the spectrum A{A) is a compact topological 
space, and the Gelfand transformation Q is an isometric isomorphism identifying 
A with C{A{A)) (the continuous functions on A{A)) as C*-algebras. Next, since 
each element of A possesses a mean value, this yields a map u i— >■ M{u) (denoted by 
M and called the mean value) which is a nonnegative continuous linear functional 
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on A with Af(l) = 1, and so provides us with a hnear nonnegative functional 
ip ^ Mi{tp) = M(C/~i (■(/')) defined on C{A{A)) = g{A), which is clearly bounded. 
Therefore, by the Riesz-Markov theorem, Mi('0) is representable by integration 
with respect to some Radon measure f3 (of total mass 1) in A (A), called the M- 
measure for A [31 . It is evident that we have 



Ja{A) 

The spectrum of a Banach algebra is a very abstract concept. We give in the 
following result a characterization of the spectrum of some particular Banach alge- 
bras. 

Proposition 2. Let A be an H-supralgebra. Assume A separates the points ofM.^. 
Then A (A) is the Stone- Cech compactification ofM.^. 

Proof. For each y E define an element 4>y £ A(j4) by <t>y{u) = u{y), u £ A. Then 
the mapping (p : y t-^ (j)y from into A(A) is continuous and has dense range. 
In fact since the topology in A (A) is the weak* one and further the mappings 
y i~> 4>y{u) — u £ A, are continuous on K.^, it follows that is continuous. 

Now supposing that ip{M.^) is not dense in A{A) we derive the existence of a 
nonempty open subset U of A{A) such that U n (p(R^) = 0. Then by Urysohn's 
lemma there exists v S C{A{A)) with v ^ and 'y|A(A))\c/ = 0. By the Gelfand 
representation theorem, v = g{u) for some u £ A. But then 

U{y)^^y{u)^g{u){cj,y)^V{cj,y)^0 

for all y G M^, contradicting w 7^ 0. Thus (j){R^) is dense in A{A). 

Next, every f in A (viewed as element of B(R^)) extends continuously to A{A) 
in the sense that there exists / G C{A{A)) such that f{(j>{y)) = f{y) for all y e 
(just take / = G{f))- Finally assume that A separates the points of R^. Then 
the mapping (p : R^ — > (/)(R^) is a homeomorphism. In fact, we only need to 
prove that (p is injective. For that, let y,z £ R^ with y ^ z; since A separates the 
points of M.^ , there exists a function u £ A such that u{y) ^ u{z), hence (py ^ (p^, 
and our claim is justified. We therefore conclude that the couple {A{A),(p) is the 
Stone-Cech compactification of M^. □ 

The following result is classically known. 

Proposition 3. (1) Assume A — Cpci{Y) is the algebra of Y -periodic continuous 
functions on R^ (Y = (— Then its spectrum is the N -dimensional torus 
-jpTV ^ j-^N _ (2) Assume A = AP(M^) is the algebra of all almost periodic 
continuous functions on M.y defined as the vector space consisting of all functions 
defined on R^ that are uniformly approximated by finite linear combinations of the 
functions in the set {exp(2i7rfc ■ y) : k £ R''^}. Then its spectrum A{AP{JAy )) is a 
compact topological group homeomorphic to the Bohr compactification of R^ . 

Next, the partial derivative of index «(!<«< N) on A{A) is defined to 
be the mapping di — Q o d/dyi o Q^^ (usual composition) of T)^{A{A)) = {(f £ 
C{A(A)) : g~^{ip) £ A^} into C(A(A)), where A^ = {ij; £ C^{R^) : ^,9^'/% £ A 
(1 < i < N)}. Higher order derivatives are defined analogously, and one also 
defines the space A™ (integers rn > 1) to be the space of all tp £ C™(R^) such that 



(2.4) 
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— -^-51 — ^ itjv G ^ for every a ~ (ai, ...,aN) € with \a\ < m, and we set 

A°° = n™>iA™. At the present time, let V{A{A)) = {(p G C(A(A)) : g-\ip) e 
A°°}. Endowed with a suitable locally convex topology, A°° (resp. I?(A(A))) is a 
Frechet space and further, Q viewed as defined on A°° is a topological isomorphism 
of A°° onto I?(A(yl)). It is worth recalling that A°° is the deterministic analog of 
the space C°°{ft) defined in Subsection 2.1. 

Analogously to the space I?'(]R^), we now define the space of distributions on 
A(A) to be the space of all continuous linear form on 'D{A{A)). We denote it by 
2?'(A(A)) and we endow it with the strong dual topology. It is an easy exercise to 
see that if A°° is dense in A (this is the case when, e.g., A is translation invariant and 
moreover each element of A is uniformly continuous; see |451 Proposition 2.3] for the 
justification. We will also see at the end of this subsection that this density result is 
a fact when dealing with such kind of iJ-supralgebras since one may connect their 
spectrums to a dynamical system, and then recover the said density result by just 
using the results of Subsection 2.1) then LP{A{A)) {1 < p < oo) is a subspace of 
'D'{A{A)) (with continuous embedding), so that one may define the Sobolev spaces 
on A{A) as follows. 

W^-PiA{A)) = {ue LP{A{A)) : d,u e LP{A{A)) (l < i < N)} {1 < p < oo) 

where the derivative diU is taken in the distribution sense on A{A). We equip 
W^'P{A{A)) with the norm 

{u e W^'P{A{A))) , 
1 < p < oo, 

which makes it a Banach space. To that space are attached some other spaces 
such as W^^P{A{A))/C = {u e W^'P{A{A)) : j^^^^^udfi = 0} and its separated 

completion W^P{A{A))] we refer to 31 for a documented presentation of these 
spaces. 

As we have said a while ago, we end this subsection with an important result 
connecting the dynamical systems to the spectrum of some 77-supralgebras. 

Theorem 3. Let A he an H-supralgebra on M.^ . Suppose A is translation invariant 
and that each of its elements is uniformly continuous (thus A is an algebra with 
mean value). Then the translations T{y) : — > K^, T{y)x = x + y, extend to a 
group of homeomorphisms T{y) : A{A) — > A{A), y £ R"'^, which forms a continuous 
N -dimensional dynamical system on A{A) whose invariant probability measure is 
precisely the M -measure j3 for A. 

Proof. As A is translation invariant, each translation T{y) induces an isometric 
isomorphism still denoted by T[y), from A onto A, defined by T{y)u = u{- + y) for 
u&A.So define f{y) : C{A{A)) C{A{A)) by 

fiy)giu) = giT{y)u) (u e A) 

where G denotes the Gelfand transformation on A. Then T{y) is an isometric 
isomorphism of C{A{A)) onto itself; this is easily seen by the fact that G is an 
isometric isomorphism of A onto C{A{A)). Therefore, by the classical Banach-Stone 
theorem there exists a unique homeomorphism T(i/) of A(yl) onto itself. The family 
thus constructed is in fact a continuous A^-dimensional dynamical system. Indeed 



|u||wi-P(A(A)) 



J2i=l ll^i^llLP(A(A)) 



lLP(A(A)) 
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the group property easily comes from the equahty Q(T(y)u){s) — Q{u){T{y)s) 
[y G M.^ , s G A(yl), u G A). As far as the continuity property is concerned, let 
{yn)n be a sequence in and {sd)d be a net in A{A) such that j/„ — j/ in and 
Srf — >■ s in A(^). Then the uniform continuity oi u G A leads to T(y„)M T{y)u in 
S(R^), and the continuity of Q gives Q{T{yn)u) — > Q{T{y)u), the last convergence 
result being uniform in C{A{A)). Hence Q{T{yn)u){sd) — >■ Q{T{y)u){s), which 
is equivalent to G{u){T{yn)sd) — >■ Q{u){T{y)s). As C(A(v4)) separates the points 
of A(A), this yields T{yn)sd — T{y)s in A{A), which implies that the mapping 
{y,s) 1—^ T{y)s, from R^ x A{A) to A{A), is continuous. It remains to check that 
P is the invariant measure for T. But this easily comes from the invariance under 
translations' property of the mean value and of the integral representation (|2.4p . 
We keep using the notation T{y) for T{y), and the proof is complete. □ 

With the above result, one may directly consider deterministic homogenization 
theory in algebras with mean value as a particular case of stochastic homogenization 
theory. That is why in the sequel, our results in these particular iJ-supralgebras 
could be viewed as particular ones of reiterated stochastic homogenization theory. 
However they are no less important because so far, although widely used, the results 
stated in Section 3 have never been proven before. 

2.3. The generalized Besicovitch spaces. We can define the generalized Besi- 
covitch spaces associated to a if-supralgebra. The notations are those of the pre- 
ceding subsection. Let A be a i7-supralgebra on R^. Let l<p<oo. li u G A, 
then \u\^ G A with = \Q{u)f. Hence the limit limr^+oo Jg \u{y)\^ dy 

exists and we have 

hm / \u{y)fdy^Mi\un=[ \g{u)f d(3. 

r^+oo \B,.\ Jg^ 

Hence, for u G A, put 

\\ui = iMi\unfr 

This defines a seminorm on A with which A is in general not separated and not 
complete. First we denote by the closure of A with respect to Then It 

is known that is a complete seminormed vector space verifying i?^ C -B^ for 
1 < P < <? < OO- From this last property one may naturally define the space B'^ as 
follows: 

5a - {/ e ni<p<ooB^ : sup ||/||p<^}. 

l<p<oo 

We endow B^ with the seminorm [f]^ = sup;^^^^^^ ll/llp> which makes it a com- 
plete seminormed space. We recall that the spaces B^ (1 < P < oo) are not 
in general Frechet spaces since they are not separated in general. The following 
properties are worth noticing [3H : 

(1) The Gelfand transformation Q : A ^ C{A{A)) extends by continuity 
to a unique continuous linear mapping, still denoted by Q, of into 
LP{A{A)). Furthermore liueB^f] L°°(R^) then Q{u) G L°°{A{A)) and 

li^^(")llL~(A(A)) < I|w|Il~(r«)- 

(2) The mean value M viewed as defined on A, extends by continuity to 
a positive continuous linear form (still denoted by M) on B\ satisfying 
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M{u) = !^^A-^Q{u)dl3 {u e B^). Furthermore, M{Tau) = M{u) for each 
u e -B^ and ah a S R^, where Tau{y) — u{y ~ a) for ahnost all y € R^. 
(3) Let 1 < p, g, r < oo be such that - + - = < 1. The usual multiplicatfon 
Ax A — A; (m, u) n- uu, extends by continuity to a bilinear form i?^ x B\ ^• 
with 

\\M\r<MM\, fo"^ («,«)ei?^xB^. 

The following result will be of great interest in the work. 

Proposition 4. Let A be a H-supralgebra on R^. Assume each element of A is 
uniformly continuous and moreover A is translation invariant (i.e. TaU — u{- + a) G 
A for all u ^ A and all a € ). Then A°° is dense in B^. 

Proof. Since A is an algebra with mean value, the result follows from [39l Proposi- 
tion 2.4]. □ 

Now, let u £ i?^ {I < p < oo); then \uf € B\ (this is easily seen) and so, by part 
(2) above one has M{\uf) = J^^^^ IGiu)]" d(3 = ||eHllip(A(A))- Thus for m € 

we have ||w||p = (M(|u|^))^^^, and |jM||p = if and only if G{u) = 0. Unfortunately, 
the mapping G (defined on _B^) is not in general injective. So let A/" = KerG (the 
kernel of G) and let 

B^^^B^Af. 

Endowed with the norm 

Bj^ is a Banach space with the following property. 

Theorem 4 ( 32 ). The mapping G ■ B'^ LP{A{A)) induces an isometric iso- 
morphism Gi of Bj^ onto LP {A{A)) . 

As a first consequence of the preceding theorem one can define the mean value 
oi u + J\f (for each u E B^) as follows: 

(2.5) Mi{u+Af) = M{u), so that Mi(u+7V) = lim / u{y)dy. 

r^+oo \Br\ Jb^ 

One crucial result that can be derived from the preceding theorem is the following 

Corollary 1. The following hold true: 

(i) The spaces Bj^ are reflexive for 1 < p < oo; 

(ii) The topological dual of the space Bj^ (1 < p < oo) is the space B^ {p' = 
p/ija— 1)), the duality being given by 

(M + AA,w+A/')gp' =M{uv) = /^(^) Gi{u + M)Gi{v + M)dl3 

for u e i?^ and v € Bj^ . 

This result is easily proven by using the properties of the L^-spaces and the 
above isometric isomorphism. 

Remark 2. The space B\ is the separated completion of B^ and the canonical 
mapping of B^ into B^ is just the canonical surjection of i?^ onto S^; see once 
more [71 Chap. II, Sect. 3, no 7] for the theory of completion. 

Another definition which will be of great interest in the forthcoming sections is 



12 



MAMADOU SANGO AND JEAN LOUIS WOUKENG 



Definition 2. An i7-supralgebra A on is ergodic if for every u G B\ such 
that ||u — u{- + a)\\^ = for every a S K.^ we have ||u — M(m)||j^ = 0. 

The above definition is equivalent to say that any _B^-translation invariant func- 
tion is _B^-constant, that is, the dynamical system T defined on by T[y)x = x+y 
is ergodic in the sense of Subsection 2.1. 

An equivalent property stated by Casado Diaz and Gayte is given in the following 
proposition. 

Proposition 5 ([IS])- An H -supr algebra A on is ergodic if and only if 



(2.6) lim 



= for all u G B^j., \ < p < oo. 



The following result provides us with a few examples of ergodic i?-supralgebras 
(see next section for its application). 

Lemma 1 ([32j). Let A he an H-supralgebra on M.^ with the following property: 
For any u € A, 

1 f 

(2.7) lim / u{x + y)dx — M(u) uniformly with respect to y. 

r^+oo \Br\ Jb^ 

Then A is ergodic. 

In order to simplify the presentation of the paper we will from now on, use the 
same letter u (if there is no danger of confusion) to denote the equivalence class of 
an element u e B^. The symbol g will denote the canonical mapping of B^ onto 

Our goal here is to define another space attached to B^. Let u E 2?'(A(A)), and 
let a e N^. We know that d^u € r''(A(^)) exists and is defined by 

(2.8) (f) = (-1)1"! (u, d"^) for any ^ e T){A{A)). 
This leads to the following definition. 

Definition 3. The formal derivative of order a G is defined to be the formal 
operator on given by 

(2.9) Dy = 1 o a" o ^1 

where is defined above. In particular, for a = {Sij)i<j<N with I < i < N, Dy 
is denoted by d/dyi and is called the formal derivative of index i. 

Remark 3. For u e Bj^^ (that is the space of u e -B^ such that DyU G {B\)^) 
we have 

Qi [q = Q = d,g (u) = d,g, ig{u)) = (by definition) (j^iQiu)) 

hence _ 



or equivalently. 



d d 



(2.10) po^.^oponi^i- 
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We return for a while to the framework of the preeeding subseetion and as- 
sume that the hypotheses of Theorem [3] are satisfied. Let {T{y) : y e R^} 
be the dynamical system constructed in Theorem [3] We know by the results 
of Subsection 2.1 that T{y) induces a A^-parameter group of isometrics U{y) : 
LP{A{A)) iyP(A(A)). By the properties of Gi, this also yields a A^-parameter 
group of isometrics C/f ^ o U{y) o Qi : B'^ ^ B\. We denote by D^.p the generators 
oig^^ oU{ii)og^. Now, let M e Ai; we have dig{u) = Gi^) = Gi{g{-§^)), so that 

Q{-§f-) = -^(Qiu)) by the preceding remark. But since ^ is the derivative along 

of the dynamical system induced by the translations 



the direction = {S 



pN 



ij)l<i<N 

it is immediate that 



oyi 



so that 
(2.11) 



D, 



d_ 



The above equality is crucial in the process of viewing homogenization in algebras 
with mean value as a special case of stochastic homogenization. Indeed in the 
case when Q, = A(A), it allows to just replace C°°{^) by the space Qi{q{A°°)) = 
Q{A°°) = I?(A(A)) which plays exactly the same role since firstly, it is dense in 
LP(A(A)) for aU 1 < p < oo and secondly, for ah u e r'(A(A)) = C°°(A(A)) 
we have u e L°°(A(A)) and d°'u e L°°(A(A)) for aU a € N^. This remark will 
be particularly used in Section 6 when dealing with the homogenization of some 
Stokes' type equations. 



Now, set (for 1 < p < oo) 



"A — 



u^Bl 



du 
oyi 



A' 



ioT l<i< N 



We endow B]^^ with the norm 



N 

E 

1=1 



du 



dyi 



i/p 



(uEB'/) 



which makes it a Banach space with the property that the restriction of Qi to B]^^ is 
an isometric isomorphism from S^'^ onto W^''p(1^{A)). However we will be mostly 
concerned with the subspace S^'^/C of S^'^ consisting of functions u € B]f with 
Mi{u) = M{u) = 0. Equipped with the seminorm 



■ N 

E 

.1=1 



du 



dyi 



i/p 



{u e B'/fC) 



where Dy = [d / dyi)i<i<N , B\^ /'C is a locally convex topological space which 
is in general not separated and not complete. We denote by ^8^^ the separated 
completion of S^'^'/C with respect to |M|gi>p/c' ^'^'^ "^i canonical mapping 
of B]{^ /£. into S^'^. By the theory of completion of the uniform spaces [71 Chap. 
II, Sect. 3, no 7] it is a fact that the mapping d/dyi : B]f /C — ;> B'j^ extends by 
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continuity to a unique continuous linear mapping still denoted by djdyi : — > 
and satisfying 

'd Q 

(2.12) _ o Ji = — and ||w||g^p = ||^y«||p ^ 'S^a) 

where Dy = {d / dyi)i<.i<.N ■ Since CJi is an isometric isomorphism of B\^ onto 
VFi'P(A(A)) we have by (|2.9p that the restriction of 5i to iJ^'^'/C sends isometrically 
and isomorphically B^ /<C onto iyi'P(A(A))/C. So by Chap. II, Sect. 3, no 7] 
there exists a unique isometric isomorphism Qi : B^^ — )■ W_^'^(A(yl)) such that 

(2.13) g^oJi^JoGi 
and 

(2.14) 9,0^1=^10 A {l<i<N). 

oyt 

We recall that J is the canonical mapping of W^''''{A{A))/C into its separated 
completion W^^{A{A)) while Ji is the canonical mapping of Bli^'/C into S^^. 
Furthermore, as Ji{B](^ /C) is dense in B^^ (this is classical), it follows that if 
A°° is dense in A (this is the case when A is an algebra with mean value), then 
(Ji o e)(^°°/C) is dense in , where A°°/C = {u e : M(u) = 0}. 

3. The stochastic S-convergence 

In this section we define the concept of stochastic S-convergence which is the 
generalization of both two-scale convergence in the mean (of Bourgeat et al. piP) 
and E-convergence (of Nguetseng [3T]). In all that follows, Q is an open subset of 
and A is an i7-supralgebra on . We use the letter Q to denote the Gelfand 
transformation on A. Points in A(^) are denoted by s. We still denote by M the 
mean value on for the action 7i (see Section 2). The compact space A(A) is 
equipped with the M-measure /3 for A. Next, let {n,A4,^) denote a probability 
space and let {T{y) : y S R^} denote a A^-dimensional dynamical system acting 
on the probability space (r2,A^,/i). Points in il are denoted by w. Finally, let ei 
and £2 be two well separated functions of s tending towards zero with e, that is, 
< ei, £2, £2/21 — ^ as £ ^ 0, and such that the functions x 1— > x/ei and x H> a;/£2 
define two actions of M.*^_ on . 

Definition 4. A bounded sequence (we)e>o in LP{Q x 51) {1 < p < 00) is said to 
weakly stochastically T,-converge in L^{Q x 51) to some uq G L'^{Q x 51; S^) if as 
£ — >■ 0, we have 
(3.1) 



j Us{x,uj)f (^,T (^^^ dxd^i ^ jj 



uq{x, (jJ, s)f{x, oj, s)dxdfj,d(3 

QxOxA(A) 

for every / e (Q) 'S) C°° (ft) A, where Uq = omq and / Qo f = 0^0 {go f). 
We express this by writing — )■ uq stock, in U'{Q x fl)-weak S. 

We recall that C^{Q) (E) C°°{ft) (E) A is the space of functions of the form 

f{x,t^,y) = Vt{x)ijj,{uj)g^{y), {x,uj,y)eQxnx R^, 

finite 
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with e C(f (Q), tp^ e C°°{n) and gi e A. Such functions are dense in C^{Q) ® 
LP'(n) (E)A{p'= p/{p - 1) for 1 < p < oo, since C°°{n) is dense in Lp' (n)) and 
hence in IC{Q;LP (fi)) (g) ^ {IC{Q;LP (fl)) being the space of continuous functions 
of Q into L'' {il) with compact support containing in Q; see e.g., (SJ Proposition 5] 
for the denseness result). As lC{Q]LP'{n)) is dense in Lp' (Q; Lp' (fl)) = Lp' {Q x fl) 
and LP {Q X il) ^ A is dense in LP {Q x fi; A), the uniqueness of the stochastic 
S-hmit is ensured. 

Before continuing our study, we need to make a comparison between the weak 
stochastic E-convergence and other existing convergence methods closed to it. For 
that, we must first state these convergence schemes: 

(1) A sequence (■Ue)E>o C LP{Q) (1 < p < oo) is said to weakly E-converge in 
LP{Q) to some vq e Lp{Q\ 6^) if as i? 9 e 0, we have 

(3.2) / u^{x)f{x, — \dx-^ II vo{x, s)f{x, s)dxdl3 
Jq \ ^2/ JJqxA{A) 

for every f £ LP {Q; A) {l/p' = 1 — l/p), where vq = Qi o vq and / = 
Gio {go f) = g o f. 

(2) A sequence {ue)e>o C LP{Q x O) {1 < p < oo) is said to stochastically 
two-scale converge in the mean to some vq £ LP {Q x ft) ii a.s e 0, we 
have 

(3.3) / u^{x,uj)f(x,T( — \ uj\ dxdfi // vo{x,uj)f{x,uj)dxdfi 

for all admissible functions (in the sense of Section 3]) / G {Q x fl). 
We denote it by Ue — >■ uo stock, in LP {Q x Q)-weak. 

Remark 4. The weak stochastic S-convergence method generalizes the above two 
convergence methods. Indeed, it is very important to note that both the above 
definitions p.2p and p.3p imply the boundedness of the sequence either in LP{Q) 
or in LP{Q x fl), accordingly. With this in mind, we see that if in p.ip we take 
/ G C^{Q) (X) C°°(il), that is / is constant with respect to y £ R^, and next 
using the density of the latter space in LP {Q x ft), then (13.11) reads as (13.31) with 
vo{x.,uj) = J^^^^uo{x,uj, s)dp by choosing in LP {Q x VL) admissible functions. If 
besides we take in p.ip / e C^{Q) (g) A, that is / not depending upon the random 
variable uj and further if we choose Ug not depending on uj, then using the density 
of C^{Q) A in LP {Q; A) we readily get (|3.2p with vnix, s) — uo{x,uj, s)d^. 

The following result is easily verified; its proof is left to the reader. 

Proposition 6. Let ('Ue)e>o be a sequence in LP (Q xfl). If ^ uq stock, in 
LP (Q X fl)-'weak S, then (ue)e>o stockastically two-scale converges in tke mean 
towards vq{x,uj) — J^^^s^uo{x,uj, s)dl3 and 

Ug{-,uj)ip{uj)d^ II uq {-jUj, s) ijj{u!)diidf3 in L^{Q)-weakyilj £ JP^ (Q) . 

a JJnxAiA) 

The next results provide us with a few examples of sequences that weakly stochas- 
tically E-converge. 
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Proposition 7. Let / e JC{Q;C°°{n; Aj). Then, as e ^ 0, 

(3.4) / f (x,T ( — ] oj,— ] dxdn^ 1 1 f{x,uj,s)dxdfidl3. 

Proof. Since C^iQ) ® C°°(f7) (g) A is dense in IC{Q;C°° {fl; A)) we first clieck (lOj) 
for / in C^{Q) (E) C°°(S1) (X) A. However, it is sufficient to do it for / under tlic form 
fix,Lo, y) = ip{x)'ip{uj)g{y) witli ip e C^iQ), € C°^{n) and g e A. But for sucli a 
/ we fiave 



tp{uj)dii I ^p{x)g — ) 



ip{uj)dfi 



n 



U^)s[^)dx 



wliere the second equality above is due to tlie Fubini's tfieorem and to tlie fact 
that the measure fi is invariant under the maps T{y). But, as £ — > 0, we have the 
following well-known convergence result: 

(p{x)g { — \ dx j j ip{x)g{s)dxd(i as £ — >■ 0. 

Q \£2/ JJqxA{A) 

Hence the sequence 

/ f ( x,T ( — Jw, — J dxdfi f{x, uj, s)dxdijd(3. 

JQxn \ V^l/ ^2/ JjQxnxAiA) 

Now, let / e IC{Q;C°°{n;A)) and let 77 > be arbitrarily fixed. Let K C Q 
be a compact set such that supp/ C K. By a density argument we choose 4> 
in C^{Q)(g)C°°{n)(gi A with supple K, such that ||/-0||^ < r]/{3\K\), \K\ 
denoting the Lebesgue volume of K. By the decomposition 

IqxU f'dxd^M - nQxnxA(A) fdxdfid(3 = jQ^Jf - c^')dxdfi^ 

+ Iqxn ^l^'dxdfi - //q>,oxA(A) 4>dxd^id(3 + //q>,oxA(A)(^ " f)dxdndf3, 
it follows readily that there exists £0 > such that 

< ?7 for < £ < £0. 



f^dxdji — fdxd^jLdfi 

xSl J JQxUxAiA) 

This completes the proof. □ 
As a result, we have the following corollaries. 

Corollary 2. Let u e /C(Q; C°°(17; A)) and let 1 < p < 00. Then, as e ~^0, 

(i) u"^ g{u) stoch. in L^{Q x ^l)-weak S, where g denote the canonical 
mapping of B\ into B^, and the function g{u) is defined by g{u){x,ui) = 
g{u{x,uj)) for a.e. {x,uj) £ Q x fi; 

(ii) \\^^\\Lp(Qxn) ^ W'^W LP (QxnxA(A))- 

Proof (i) For each / e C^{Q) d) C°°(17) (g) A we have uf G /C(g;C°°(rJ; A)), hence 
part (i) follows readily by Proposition [T] For (ii), since IC{Q;C°°{ft; A)) is a Banach 
algebra, it is easily shown that, for 1 < p < 00 we have |w|^ € IC{Q;C°°{^;A)) 
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whenever u S /C((3;C°°(r2; A)), so that once again by Proposition [7] we have, as 
£ ^ 0, 



'Qxn 

The proof is complete. 



/ lu'fdxdfi^ff \u\^dxd^idp. 



□ 



Corollary 3 (Lower-semicontinuity property). Let {ue)e>a be a sequence inLP{Qx 
^) (1 !i P < oo) such that — > uq stock, in L^{Q x fl)-weak S as £ 0, where 
uo e LP{Q X 17; 6^). Then 

(3.5) 



l"o|lLP(Qxn;B^) < liminf ll"£llLp(Qxa) 



froo/. Let / G C^(g) ® C°°(rj) A. We have 



(3.6) 



Uef^dxdfi 



xn 



— ll^ellLP(QxO) II/'^IIlp'(QxO) 



Then taking hm inf e_^o of both sides of 



Iim|l/'IILP'(QXJ2) 

one arrives at 
(3.7) 



LP'(Qxf2xA(A)) 



UQfdxdfid/3 



QxnxA{A) 



< 



and using the equahty 
(see part (ii) of Corollary [2] above) 



liminf||u£|Lp,Q 

Lp'(QxOxA(A)) e-^O ii_LP(gxSZ) 



The space g{C^{Q) ® C°°{n) (g) A) ^ C^{Q) <E) C°^{n) (g) C{A{A)) being dense in 
LP'iQ xnx A{A)), dXT]) still holds with v e Lp' {Q x n x A{A)) instead of /. 
Consequently 



I"o|Ilp(QxOxA(A)) 



The lemma follows. 



= sup 

ll'"lli:-P'(QxQxA(A))-"'" 

< lim^inf 1 1 Me 1 1 LP (Qxn) 



UQvdxdfid/3 



QxOx A(A) 



□ 



Throughout the paper the letter E will denote any ordinary sequence E = (£„) 
(integers n > 0) with < £„ < 1 and £„ — > as n — > oo. Such a sequence will be 
termed a fundamental sequence. 

The usefulness of the next result will be brought to light in the sequel. Prior to 
that we need one further definition. 

Definition 5. A function u ^ L^{Q x ^};B\) is said to be admissible if the trace 
function {x,uj) ^-> u{x,T{x/ei)uj,x/e2) (denoted by m^), from Q x to C, is well- 
defined as an element of L^{Q x fl) and satisfies the following convergence result: 



(3.8) 



\u^\ dxd^ — > 



Qxn 



\u\ dxdfid/3 as £ — >■ 0. 



)xSlxA(yl) 



One can verify that any function in each of the following spaces is admissible: 
JC{Q; LP{n; A)) (the space of continuous functions / : — LP{Q; A) with compact 
support contained in Q, 1 < p < oo), C{Q; L°°(n; A)) (for any bounded domain Q 
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Proposition 8. Let {ue)eeE C LP{Q x il) {1 < p < oo) be a sequence which 
is weakly stochastically T,-convergent in U'{Q x 51) to some uq G LP{Q x D,;B^). 
Then as E 3 e ^ we have (j3.ip ( in Definition HJ) for any admissible function 
f G /C(Q; LP'{n; 5^''°°)) where 5^''°° = B'^ n i°°(M^). 

Proo/. The space /C(Q) (g) C°°(ri) (g is dense in /C(Q; Indeed 

C°°(n)(gB^'°° is dense in LP so that by p. 46], our claim is justified. 

With this in mind, we firstly check ^ for / G /C(Q) (g) C°°(fi) (g 5^^''°°. It suffices 
to verify this for / under the form 

f{x,uj,y) = Lp{x)ip{uj)v{y) (x G Q, w G fi, y G K^) with 
<p G /C(g), V G C°°(ll) and w G 

Let / be as above. Let (5 > be freely fixed, and let w G A be such that \\v — w\\^, < 
6 (where we have used here the density of A in ). Set 

9{x,uj,y) = (p{x)ip{uj)w{y) {x e Q,uj e n,y e M^), 

which gives a function g G IC{Q) (E) C°°{il) A. We have 

u^f^dxdfi UofdxdfidfH 

QxO J JQxflxAiA) 

Uetp{x)xJj{T{x/ei)Lu)[v^ {x/ 62) — w{x/e2)]dxd^ 

QxO 



Ui^g^dxdfj, — uoddxdfj,df3 

QxO J JQxilxAiA) 



UQip'il){w — v)dxdiidf3 

I QxnxA{A) 

= (/) + (//) + (///). 

As far as (/) is concerned, we have 

KI)\ < Moo Moo Mh^iQxn) - dx^ 

where X is a compact subset of containing the support of Lp. But v and w 
possess mean value, so that, as e — 0, 

/ - w^l^' dx M{\v - wf) \K\ since \v - wf G B\, 

J K 

\K\ denoting the Lebesgue measure of K. In view of the equality — = 

[M(|?; — wf )]"'^/P , we have lim£;3£^o |(^)| < c5 where c is a positive constant inde- 
pendent of (5. For {III), we have 

UQ(p^p{w — v)dxd^j,d/3 

xOx A(A) 



< 



\\MLP{QxnxA{A)) M\oo M\oo 11^ " vhp'iAiA)) 

c \\v - w\\p, < c6 
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where c = \\uQ\\Lp(QxnxA{A)) WfWoo IIV'IL- Next, since 



Ueg^dxdfi — > / / uo7jdxdiid(3 

Qxfl J JQxnxAiA) 

it follows that 

lim / UgLp{x)^{T{x/ei)uj)w{x/e2)dxdii — // uaip^jjwdxdfidP < cS 

E3e~^0 JqxO J jQxUxAiA) 

where c > is independent of S, hence p.ip follows with the above taken /, since 5 
is arbitrary. In view of the density of /C(Q)(^C°°(f))(^S^''°° in /C(0; Lp' {il; -B^''°°)) 
the result follows by repeating the same way of proceeding as done above. □ 

The next result is a mere consequence of the preceding result. Its easy proof is 
left to the reader. 

Corollary 4. Let u G /C((5; L°°(ri; 5^'°°)) (1 < p < oo) he an admissible function 
in the sense of Definition O Then the sequence {u^)e>Q is weakly stochastically 
Yi-convergent in U'{Q x VL) to g{u). 

The following result is the point of departure of all the compactness results 
involved in this paper. 

Theorem 5. Any bounded sequence {Uf,)f,^E in L^(Qxf2) (where E is a fundamen- 
tal sequence and I < p < oo) admits a subsequence which is weakly stochastically 
H-convergent in U'{Q x 51). 

Its proof relies on the following result whose proof can be found in [S^ • 

Proposition 9. Let X be a subspace (not necessarily closed) of a reflexive Banach 
space Y and let fn : X ^ C he a sequence of linear functionals (not necessarily 
continuous). Assume there exists a constant c > such that 

(3.9) limsup |/„(x)| < c ||a;|| for all x X. 

n 

where \\-\\ denotes the norm in Y. Then there exist a subsequence {fnk)k of (fn) 
and a functional f €Y' such that lim^ fn^i^) — fi^) fof cill x £ X. 

Proof of Theorem\B Let Y = L''' {Q x n x A{A)) , X ^ C(^{Q)(g,C°°{n)(g)C{A{A)). 
Let us define the mapping L^ by 



Leif) =- / uj'dxdfx if e C^iQ)®C°°{n)®C{A{A)) = g{C^{Q)®C°°in)^A)). 
jQxn 

where f^{x,uj) = f{x^T{x/ei)ijj,x/e2) for (x,a;) e Q x 57. Then 



lim sup 



Leif) 



< c 



for aU f £ X. 

LP'(QxOxA(A)) 



Indeed one has the inequality |ie(/)| < cWf^W^p'^Q^n) ^^'^ thus, as e — > 0, 
II/'^IIlp'(QxJ2) ^ / , i^*^^ Corollary [2]) . We therefore apply Proposi- 

tion [S] with the above notation to get the existence of a subsequence E' of E and 
of a unique vq & LP{Q x fl x A{A)) such that 

Ugf^dxd^M^ 11 vo{x,uj,s)f{x,uj,s)dxdfidl3 
xn J JQxnxA{A) 
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for all f & X. But vq = Qi o uq where uq G LP{Q x Q;B\), and so the result 
follows. □ 

In order to deal with the convergence of a product of sequences we need to define 
the concept of strong stochastic E-convergence. 

Definition 6. A sequence (uj)e>o C L^iQ x J7) {I < p < oo) is said to strongly 
stochastically Yi-converge in LP{Q x fl) to some uq € L^{Q x Q.]B^j^) if it is weakly 
stochastically S-convergent and further satisfies the following condition: 

(3-10) II'"£|Ilp(QxO) ~^ ll'"o|lLP(Qxf2xA(yl)) • 

We denote this by — !• mq stoch. in Lp{Q x f2)-strong E. 

Remark 5. (1) By the above definition, the uniqueness of the limit of such a 
sequence is ensured. (2) By the Corollary [5] it is immediate that for any u £ 
K,{Q]C°°{^1; A)), the sequence (u'^)e>o is strongly stochastically E-convergent to 
q{u). 

The next result will be of capital interest in the homogenization process. 

Theorem 6. Let 1 < p,q < oo and r > 1 be such that 1/r = 1/p+l/q < 1. 
Assume {us)s£e C L'^{Q x fl) is weakly stochastically Yi-convergent in L'^{Q x fl) 
to some Uq € L'^{Q x fi; B\), and {ve)e^E C L^{Q x fi) is strongly stochastically E- 
convergent in L^{Q x i7) to some vq G L^{Q x i7; B^j^. Then the sequence (ugWg)^^^; 
is weakly stochastically Yi-convergent in L^{Q x f2) to uqVq. 

Proof. We assume without lost of generality that our sequences are real values. 
This assumption is fully motivated by the fact that in general, almost only linear 
problems are of complex coefficients, and so in that case, the linearity permits to 
work with real coefficients. This being so, we will deeply make use of the following 
simple inequalities proved in 152j: 

< |a + tbl" - \a\P - pt |a|^"' ab < c \t\^+' {{al" + m") 
(3.11) for each \t\ < 1 and for every a, & G M, where 

s — min(p — 1, 1) > and c > is independent of a, b. 

We proceed in two steps. 

Step 1. Set p' ^ p/{p — 1), and let us first show that the sequence = ^ 
is weakly stochastically E-convergent to |wo|''~'^'yo in L^' (Q x f2). To this end, let 
z G LP (Q X ri; B\ ) denote the weak stochastic E-limit of (ze)£G e in L^ {Q x f2) (up 
to a subsequence if necessary; in fact it is easily seen that this sequence is bounded 
in Lp\Q X n)). Let ip E (Q) ^ C°° {il) (g) A with MlLPf^Q^^^.A) ^ 1- We have by 
the second inequality in (|3.1ip that 

/ \ve + tip^f dxdfi < / Iv^f dxdfi + pt / z^p^dxdfi 
JqxQ JQxn JqxU 

+ci\t\'+' 

for \t\ < 1, ci being a positive constant independent of e (since the sequence (we)^^^; 
is bounded in LP{Q x ft)). Taking the liminf^jg^^o in the above inequality we get. 
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by virtue of p.lOp (in Definition [6]) and tlie lower semicontinuity property (|3.5p (in 
Corollary [3]) that 

\vo + t'ifl'^ dxd^dfi < // \vo\^ dxdfidf3 

QyA1xA{A) J JQxnxA{A) 

+pt / / zxpdxd^dp + ci . 

J J QxnxA{A) 

On the other hand, the first inequality in p.lf p yields 



IL 



\vq -\- tipf dxdjJLdp > // \vo\^ dxdiJ.dl3 

QxnxA{A) J JQxnxA(A) 

+pt / / |uo|^ vodxdiidp , 

J J QxO,xA(A) 



£ = Hm 

E9e- 



hence 

pt \vo\^ ^ VQdxdiid(3 < pt / / 2xpdxdfid/3 + ci\t\^~^^ . 

J JQxnxAiA) J JQxUxAiA) 

Now, taking in the above inequality ip = || V'llLp(Qxa-A) '^'-"^ ^'^y arbitrary t/; g 
C^{Q) ® C°°(ri) ® A the same inequality holds for any arbitrary i/) in place of 
(/?, which, together with the arbitrariness of the real number t in |i| < 1, gives 

Step 2. Now, let us establish the convergence result u^v^ — > uqVq stoch. in 
U'{Q X ri)-weak S. First of all the sequence (ugt;^)^^^; is bounded in L'^{Q x Vl). 
Next, let e C^{Q) ® C°°(17) » A and set 

/ u^v^ip^dxdfi (possibly up to a subsequence). 
jQxn 

We need to show that £ = //Qxf2xA(yi) uoVQipdxdfidp . First and foremost we have 
ip^ & {Q X Q) and so, Ue(p^ £ LP {Q x Q) since 1/r' + 1/q = 1/p' and e 
i^(Q X il). Thus, once again by the second inequality in p. lip and keeping in 
mind the definition of in Step 1, one has 

/ \zg + tUeip'^f dxd^ < / \ze\^ dxdfi + p't / \z^\^~'^ z^u^tp^dxd^ 

JqxQ. JQxn JQxd 

+C1 itr+^ 

= / \Ve\^ dxdn + p't / VsUe'p'^dxdfJ, + Ci\t\^^^ 

JQxn JQxn 

since = \z^f ~^ z^ and |zj|^ — \v^f. On the other hand, one easily sees that the 
sequence {ueip'^)eeE is weakly stochastically E-convergent to uog{(p) in {Q x $7), 
so that, passing to the limit in the above inequality, using the lower semicontinuity 
property (|3.5p . we get 

\z + tuQ!pf dxd^J^dP < jl \vQf dxd^d^ + p'U + ci\t\^^' 

xnxA{A) J JQxnxA{A) 

\zf dxdndl3 +p't£ + ci 

QxnxA{A) 
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since z = jwol^ '^Q (^-s shown in Step 1), and therefore, jwol^ = I^T ■ Besides, we 
have by the first inequality in (|3.1ip that 

z + iuo^l^ dxdndp > // |z|^ dxd^dfS 

QxSlxA(A) J JqxVIxA(A) 

+p't / / |z|^ ~^ 'zuQipdxdfj.dP 

J J QxnxA{A) 

'zf dxdfid/S 



QxnxA{A) 

+p't / / voUo^dxdfid/3 

J jQxnxAiA) 



since vq = |z|^ ^ z. We are therefore led to 



p't I / voUo(pdxdfidl3 < p'U + ci |t| V |t| < 1, 

/qxSIxA(A) 



hence £ = //qxJ7xA(A) voUo^dxd^idl3. 



□ 



The following result will be of great interest in practise. It is a mere consequence 
of the preceding theorem. 

Corollary 5. Let {u,)^eE C LP{Q x n) and {v^)eeE C Lp' {Q x n) D L°°{Q x n) 
(1 < p < oo and p' — p/ (p ~ 1)) be two sequences such that: 

(i) Ue —7- uq stoch. in LP(Q x n)-weak S; 

(ii) We — >■ Wo stoch. in (Q x Q) -strong S; 

(iii) (we)e££; is bounded in L°°{Q x 57). 
T/ien uqVq stoch. in U^{Q x fl)-weak E. 

Proof. By Theorem [HI the sequence (wei;e)eg£; weakly stochastically E-converges 
towards uqVq in L^{Q x il). Besides the same sequence is bounded in LP{Q x fl) so 
that by the Theorem O it weakly stochastically E-converges in LP{Q x il) towards 
some wq e LP{Q x il;B^). This gives as a result wq = uo^o- O 

The strong stochastic E-convergence is a generalization of the strong convergence 
as one can easily see in the following result whose easy proof is left to the reader. 

Proposition 10. Let {u^)^^e C LP{Q x il) {I < p < oo) be a strongly convergent 
sequence inLP{Qxfl) to someuQ £ LP{QxQ). Then {ue)eeE strongly stochastically 
Yi-converges in L^^Q x fi) towards uq. 

In the first step of the proof of Theorem [6] we have proven the following assertion: 
If — Vq stoch. in LP{Q x ri)-strong E then \ve\^~'^ — Iwo^^^^^o stoch. in 
LP {Q X ri)-weak E. One can weaken the above strong convergence condition and 
obtain, under an additional weak convergence assumption, the following result: If 
Me — >■ Uq stoch. in L'P[Q x ri)-weak E and jueT"^ i*e vq stoch. in L^ {Q x ri)-weak 
E, then 



// 

J Jo 



uovodxdndp < limini / \u^\^ dxdji. 

Joxn 



xnxA{A) JQxn 

ve inequality holds as an equality, thi 
The above result is a particular case of a general situation stated in the following 



Moreover if the above inequality holds as an equality, then = |uo|^ ^ uq 
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Theorem 7. Let {x,uj,y,X) ^ a{x,uj,y,X), from Q x 17 x x M" to M" be a 
vector-valued function which is of Caratheodory's type, i.e., (i) and (ii) below are 
satisfied: 

(i) a{x, ■, y, A) is dji-measurable for any [x, y,X) ^ Q 'x x 

(ii) a(-,a;, •, •) is continuous for dfi-almost all lo d fl, 

and further satisfies the following conditions: 



for all {x,y) G Q x , all A, A' G M'" and for dfi-almost all oj £ il, where c 
is a positive constant independent of {x,uj,y, X). Finally let {ve)eeE C LP{Q x 
n)™ be a sequence which componentwise weakly stochastically H-converges towards 
vq € LP{Q X Q;{B^)'^) as E 3 e ^ 0. Then the sequence {a'^{-,Ve))eeE defined 
by a^(-, i'e)(a;, w) = a{x,T{x/ei)iu,x/e2,Vi.{x,iu)) for {x,u!) G Q x fl, is weakly 
stochastically T,-convergent in [Q x fJ)™ (up to a subsequence) to some zq g 



Moreover if (|3.12p holds as an equality, then ZQ{x,UJ,y) — a{x,oj,y,Vo{x,U!,y)). 

We will make use of the following lemma. 

Lemma 2. Let Fi and F2 be two Banach spaces, (y,9n, /i) a measure space, X 
a ^-measurable subset of Y , and g : X x Fi ^ F2 a Caratheodory mapping. For 
each measurable function u : X Fi, let G{u) be the measurable function x i— > 
g{x,u{x)), from X to F2. If G : u ^ G{u) maps LP{X;Fi) into L''{X-F2) (I < 
p,r < 00) then G is continuous in the norm topology. 

Proof. A look at the proof of [211 Chap. IV, Proposition 1.1] shows that one can 
replace in that proof, the Borel subset il of R" by the measurable subset X of Y, 
E by Fi, F by F2, and get readily our result. □ 

Proof of Theorem^ By (iii) the sequence (a"^ {■,Ve))e^E is bounded in {Q x 
thus there exists a subsequence E' from E and a function zq G {Q x 
n; (S^')™) such that a''{-,Ve) zq stoch. in LP {Q x f7)"-weak as E 3 e ^ 0. 
Let us show (|3l2l) . For that purpose, let ip G [C^{Q) (E>C°°{n) (g> A]"" (which is 
dense in LP{Q x il;A)"^); then the function {x,Ld,y) a{x,Ld,y,ip{x,uj,y)) lies 
in C{Q; L'^{il; A))'" . Indeed, as a result of (ii), the function a{-,u!,y,ip{-,u!,y)) is 
continuous. Moreover for each fixed x & Q, a{x, ■ , ■ ,'tp{x, ■ , ■)) G L°°(r2;A)™: in 
fact for any y G R^ we have \a{x, ■,y,'il){x, ■,y))\ < Ci where Ci = c(l + HV'I!^^) 
and the function a{x, •, y, ^p{x, •, y)) is //-measurable; furthermore, for /x-a.e. uj £ Q, 
the function a{x,uj, -jipixjUj, •)) belongs to {A)"\ In fact tp{x,uj,-) G {A)"^, and it 
suffices to check that a{x,uj, •, (p) G (A)™ for any G {A)™. But since the function 
(j) is bounded, let K C R"* be a compact set such that (f)(y) G K for all y G R^. 
Viewing A i— >■ a{x,uj,-,X) as a function defined on K, we have that this function 
belongs to C{K;{A)"^) (use also hypothesis (v)), so that by the classical Stone- 
Weierstrass theorem one has a{x , oj , ■ , (j)) G (A)™; see either [46l Proposition 1] or 



(iii) \a{x,u;,y,X)\<c{\Xr' + 1) 

(iv) {a{x, w, y, A) - a{x, uj, y, A')) • (A - A') > 

(v) a{x,uj,;X)£{Ar 



LP'iQ X n; (S^')") such that 



(3.12) 
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[45l Proposition 3.1] for the justification. As a result, we end up with the fact that 
the function {x,uj,y) a{x,uj,y,^p{x,uj,y)) belongs to C((3; i°°(r2; A))™. 
We now use (iv) to get 

ia%-,Ve) - a^(-, V')) • (ve - ip')dxdii > 

or equivalently, 

a^(-, We) • Wedxd/i > / a^{-,Ve) ■ i'^dxdfi + / a^{-,ip^) ■ v^dxdfi 

QxO JQySl JqxQ 

a^{-,ipi,) ■ ip^dxd^. 

QxO 

Taking the liminf£;'9e_i.o of both sides of the above inequality we get 



(3.13) liminf / a'^(-,v^) ■ v^dxdii > If 
E'^^^^Joxn JJc 



zq • ^dxdfidf] 

QxOx A(A) 

a(-, 4') • vodxd^id/S 

QxOxA(A) 

a(-, V') ■ ipdxd^dp 

QxOxA(A) 

where: for the first integral on the right-hand side of p.l3p . we have used the defi- 
nition of the weak stochastic E-convergence for the sequence {a^{-,Ve))e^E, for the 
second integral, we have used the definition of the weak stochastic E-convergence 
of {ve)e associated with Proposition |8] by taking a{-,'ip) as a test function, and fi- 
nally for the last integral, we use the same argument as for the preceding integral. 
Therefore, subtracting //QxnxA(A) ' ^odxd^d/S from each member of (|3.13p . we 
end up with 

p''?^4/qxo «^(-' • yedxd^i ~ //qxoxAM) ^0 • vodxdndl3 
(3.14) ^ / ^ X ^ 

^ - IlgxaxAiA) [^0 - 4) j • («o - 4)dxdnd/3 

for any ip S [C^{Q) (8) C°°(f2) (g) A]"". The right-hand side of (IXTi)) is of the form 
g{x, uj, s, -0(x, w, s)) and, due to the fact that G (Q x x A(A))™, one easily 
deduces from assumption (iii) (in Theorem[7]) that g{x, lu, s,ip) G L^{Qxilx A{A)) 
for any ip G LP{Q x f2 x A{A))"\ so that the operator G defined here as in Lemma 
m (by taking there X ^ Q xVlx A{A), Fi = Lp{Q x^x A(A))'", F2 = L^{Q x 
Q. X A(A))) maps LP{X;Fi) into L^{X;F2). In view of Lemmad the map G is 
continuous under the norm topology. As a result, the inequality p.l4p holds for 
any ^ € LP{Q x fl x A(A))™ (that is for any e LP{Q x S^)"). Hence taking 
in (|XTi)) V = Wo we get readily (|XT^ . 

For the last part of the theorem, assuming that (|3.12p is actually an equality, we 
return to p.l4p and take there i/j = vq +tw, w £ LP{Q x f];i3^)"' being arbitrarily 
fixed and t > 0. Then, 



(£0 - a{-,vo + tw)) ■ Qdxdfidp < Vw € L^iQ x fi; B\Y 

QxOxA(A) 
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Letting t — > 0, and next changing w for ~w, we end up with 

(zo - a(-,«o)) • wdxd^idp = Vw e LP{Q x 1^;^^)™, 



'QxnxA(A) 

which imphes — a{-^VQ). □ 

As was said before the statement of Theorem[7l if we take a(x, w, y, A) = | A 
and m = 1, then we arrive at the claimed conclusion by the above theorem. 

Now we assume in the sequel that the i7-supralgebra A is translation invariant 
and moreover each of its elements is uniformly continuous, that is, A is an algebra 
with mean value. The next result requires some preliminaries. Let a G M^. Since A 
is translation invariant, the translation operator Ta '■ A ^ A extends by continuity 
to a unique translation operator still denoted by Ta ■ — )• (1 ^ p < oo). 
Indeed Ta is bijective and ||Tau||p = since M(|rau|^) = M{Ta \uf) — Af(|u|^) 
for all u G A. Besides, as each element of A is uniformly continuous, the group of 
unitary operators {tq : a S R^} thus defined is strongly continuous, i.e. TaU — ^ u 
in B^ as |a| — ?> for all u E B^. Moreover 

(3.15) M{Tau) = M{u) for all u E B^ and any a E M^. 

Arguing as above we see that the group {Tal^gRN yields a family of mappings still 
denoted by {Ta}aeR" (each of them sending LP{il.;B^) into itself) verifying 

TaU (w, y) — Tau{uj, ■){y) — u {uj , y + a) for a.e. (w, y) E ilxM^ and for u E L^{^; B^^). 

With this in mind, we begin with the following preliminary result. 

Lemma 3. Assume the H -supralgehra A is an algebra with mean value on M^, 
i.e., it is translation invariant and each of its elements is uniformly continuous. 
Let (ue)e(£E be a sequence in LP{Q x Q) (1 < p < oo) which weakly stochastically 
Yi-converges towards uq E L^iQ x fl;B^). Let the sequence (v^)^,£e be defined by 



V£{x,uj) — / Ui;{x + e2P,uj)dp {{x,uj) E Q X fl). 

J Br 

Then, as E 3 e ^ 0, 

(3.16) — )■ vq stoch. in L^(Q x Q)-weak S 

where vq is defined by vo{x,U!,y) — Jg UQ{x,uj,y + p)dp for {x,U!,y) E Q xilx _ 
Remark 6. Assume Lemma [3] holds. Then as 9 £ — > 0, 

If 1 

(3.17) -j— — r / Us{x + y,uj)dy — > 7^5-7^0 stoch. in L^{Q x r2)-weak E. 

\Be2r\ Jb,^,. \Br\ 

The above convergence result will be of particular interest in the next result. 
Proof of Lemma\^ Let (p eC^{Q), f E C^{n) and g E A. One has 



QxO 



Ue{x + e2P, uj)dp^ 'p{x)f uj^ g {^-^ dxdp, 

u^{x + e2P, w)<^(x)/ (t u?j g dxdf^j dp. 
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In view of the Lebesgue dominated convergence theorem, p.l6p wih be checked as 
soon as we show that for each fixed p E M^, 

u^{x + S2P,uj)(p{x)f ( T ( — ) a; ) p ( — ) dxdp 
Qxn \ J \S2j 

I f^^^pUoi^i s)(p{x) f {Lij)'g{s)d(3dxd^ when E' 9 £ — > 0. 
iQxn Ja{A) 

First of all, let us beginning by noticing that since Qi is a bounded linear operator 
of B\ into L^{A{A)), we have 



uo{x,Lu,- + p)dpj = J gi{uo{x,uj,- + p))dp 

where uq is as above. So let a e and let ip, f and g be as above. One has 
Igxn ~ ^20, (t (^^^ lj\ g (^^^ dxdp = 

= /(Q-e.a)xO "^(2^' ^)'^(^ + ^2a)/ [T + a) ^) 5 + a) 
= /qxji "'^(2^' ^)<^(^ + ^^20)/ + f^a) 5 + dxd^ 

" /(Q\(Q-e.a))xn "s(a;'^)<^(^ + £20)/ (r + If a) wj g + a) dxd/i 

= (/) - (//) + (///). 

As for (/) we have 

/ u^{x, uj)(pix)f [T [ — + —a ] uj ] {r^ag) [ — ) dxdp 

+ / u^{x,u})[ip{x + £20) - f{x)]f [T [ — + —a ] UJ ] {r^ag) [ — ] dxdp 



(I) 



'Qxn \ V^i £1 / / \£2 

ih) + {l2). 



But 



+ / W£(a;,a;)^(x)(r_Q.g) 

?xO \£2 



/ ( T ( I + |aj c.j - / (^T ) ^ ) dxd/i 



The _ff-supralgebra A being translation invariant, we have r^ag G A and so. 



But 



/ / Uo{x,uj, s)(p{x)f{u!)T-agis)dpdxdp as E 3 s 0. 
JQxn Ja(A) 



UQ{x,uj,s)T^ag{s)dl3 = M(Mo(a;, ^(T-aS)) 

A(A) 

= M(T_Q[TQUo(a;,cj, Off]) 
= A/fT„Mn(a:. cj. -lo) (see p.lSp ) 

TaUo{x,uj, s)g{s)dl3. 

A(A) 
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Note that here we have identified uo{x,uj,-) € with its representative still de- 
noted by uo(x, •) e Bj^ so that Mi(uo(a;, to,-)) = M{uo{x, w, •)), uo{x,uj,-) on the 
left-hand side of the above equality being an equivalence class whereas uo{x,oj,-) 
on the right-hand side is one of its representative. For (/j), we have 



1(^2)1 



< 



But 



oo 



jQxQ \ \ 

= / {" 

jQxQ \ 



iQxQ 



-f T - 



dxdfi 



£1 £1 ' 



CO 



dxdfi 



U 



X 



dxdjj. 



Since the group U{x) is strongly continuous in L^' (O) (see Subsection 2.1) we get 
immediately (using the Lebesgue dominated convergence theorem) that 



/ 



dxd^ — ^ as e ^ 0. 



Thus {I2) ^ as E 3 e ^ 0. Finally since the sequence {u^)g^E is bounded in 
LP{Q xfl) and as p > 1, this sequence is uniformly integrable in {Q x ft) , so that 
from the inequality 



/ 



'{{Q-S2a)AQ)xn 
< Iklloo ll/lloo IMIc 



\ue{x,(xi)\ |i^(a;-|-e2a)| 



f{T 



£2 
— ( 
£1 



a uj 



X 

£2 



dxdfx 



\us{x,uj) \ dxdfjb, 



iiQ-e2a)AQ)xn 



we see that (//) and (///) go towards as i? 3 £ — >■ 0; here the symbol A between 
the sets {Q — S2a) and Q denotes the symmetric difference between these two sets. 
Hence the lemma. □ 



We are now able to state and prove the most important compactness result of 
the paper. It will be of capital interest in the next sections. 

Theorem 8. Let 1 < p < 00. Let X be a normed closed convex subset ofW^'^ {Q), 
Q being an open subset ofR^. Let A be an ergodic supralgebra on Ry . Assume 
{ue)seE is a sequence in Lp{Q x O) such that: 

(i) Ue{-,uj) € X for all e & E and for /i-a.e. ui € Q,; 

(ii) {ue)eeE is bounded in LP(17; VKI^p(Q)). 

Then there exist uq e W^^P{Q]IP^{fl)), m e Lp(Q; >V1^p(17)), u2 e Lp{Q x 
O; B^^) and a subsequence E' from E such that 

(iii) uo(-,w) G X for jjL-a.e. u & fl and Duo{x,-) G {I^^{fl))^ for a.e. x G Q 
and, as E' B e ^ 0, 

(iv) Me — )■ uo stoch. in Lp{Q x ft) -weak; 

(v) Dus — >■ Duq + D^ui -\- DyU2 stoch. in Lp{Q x Sl)'^-weak E. 
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Proof. By Theorem[5l there exist a subsequence E' from E, a function uq £ LP{Qx 
ri;S^) and a vector function v = {vi)i<i<N G LP{Q x r2;;B^)^ such that, as 
£" 9 e — >■ 0, we have — > uq stoch. in LP{Q x ri)-weak S and Du^ — > v stoch. in 
LP{Q X n)^-weak S. 

At this level, the proof consists of three parts. We must check that: Part (I) 
(a) Mo does not depend upon y, that is DyUo = 0, (b) uo{x,-) G /^^(fi), that is 
D(jMo(a:, •) = or equivalently J^uo{x, ■)Di^pLpd^ = yip S C°°{n) and (c) uo G 
M^i'P(Q;/Pjl7)); Part (II) uo(-,w) S ^ for fi-a.e. uj € n and Duo{x, •) £ 
for a.e. a; e Q; Part (III) There exist two functions ui € LP{Q;yV^'P{n)) and 
U2 € L^((5 X f^; 'S^a) such that v = Duq + D^^ui + DyU2. 

Let us first prove (I), (a) Let $£(a:,w) = e2'p{x) f {T{x / ei)uj)g{x/ 82) for (a;,a;) e 
Q X f7, where ip eCi^{Q), f e C°°(f7) and 56^°°. Then 

/ —^^edxdfi = e2Uef''g^T^dxdp.- / u^pf {Dy.gf dxdp 

jQxn cl^i JQxn oxi jQxn 

- / —Uepg^{Di^ujfYdxdp 
JQxn £1 

where Dy.g — dg/dyi. Letting i?' 9 e — > we get 

/ / {iQpDy.gfdxdfidjS = 0, 

J jQxnxA(A) 

hence /^(^-j uo{x,u!, ■)Dy.gd(3 = for all g G A°° and all 1 < i < A^, which means 
that Uq does not depend on y since the H-supralgebra A is ergodic. 

(6) Let $e(a;,a;) = eip{x)f{T{x/ei)uj) for (a;,w) e g x where p € C^(Q) 
and / e C°°(il). Then proceeding as above we get J^^ uo(a;, ■)Dij^fdp = for all 
1 < i < N and / e C°°(ri), which is equivalent to say that uo{x, •) € /p„(17) for a.e. 
X G Q (use property (P2) in Subsection 2.1). 

(c) Hypothesis (h) implies that the sequence (Me)^^^' is bounded in W^ p{Q- LP{Q)), 
which yields the existence of a subsequence of E' not relabeled and of a function 
u e W^^P{Q;LP{n)) such that ^ u in W^^p{Q; LP {n))-weak as E' 3 s ^ 0. In 
particular J^Ue{-,ui)ip{ui)dp — >■ J^u{-,u!)Tp{u!)dp. in L-'^((5)-weak for all V' G ^n-ul^)- 
Therefore using [lOj (see in particular Lemma 3.6 therein) we get at once uq G 
W^'P{Q;LP{n)), so that uq G W^'PiQ; IP,{n)). 

As for (II), repeating the proof of [parts (iii) and (vi) of] [TUJ Theorem 3.7 (b)] 
we are immediately led to (II). It remains to check (III) here above. We begin by 
deriving the existence of U2 G LP{Qx Q; B^^). For that purpose, let r > be freely 
fixed. Let B^^r denote the open ball in centered at the origin and of radius e2r. 



By the equalities 



— i u^{x,uj) - -J— [ Ue{x + p,uj)dp 

£2 V \Be2r\ Jb,,^ I 



1 1 

£2 \Be2r\ JB, 
1 1 



{Ue{x,L0) - Ue{x + p, w)) dp 



£2 \B.. 



r\ JB- 



1 



{u^{x,uj) - Ue{x + e2P,uj))dp 
dp I Du^{x + te2P,io) ■ pdt 



r\ JBr Jo 
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where the dot denotes the usual Euchdean inner product in M^, we deduce from 
the boundedness of {ue)seE' in LP{Q; W^'P{Q)) that the sequence {zl)e£E' defined 

by 



zl{x,uj) — — \u^{x,u})~— — - I Ue{x + p,uj)dp\ {{x,uj) IE Q X Q,e £ E') 



is bounded in LP{Q x il). It is important to note that in general the function 
is well defined since and ZJue can be naturally extended off Q as elements 
of LP(0;LP^(M^)) and £^(^2; Lf^^(R^)^), respectively. Once more, by virtue of 
Theorem [5] we find that there exist a subsequence from E' (not relabeled) and a 
function Zr in L''{Q x fl; BjJ such that, as £" 9 e — >■ 

(3.18) zl Zr stoch. in U'iQ x f7)-weak S. 

As {zl)i;^E' is bounded in LP{Q x Q) we have (since 82, S2/£i ^ a.s E' 3 e ^ 0) 
that 

(3.19) e2z: in LP{Q x Q) and —z^ ^ in LP{Q x fl) as E' 3 e ^ 0. 

£1 

Now, for if e C^iQ), f e C°°(17) and g € A°° we have 
(3.20) 

/qxo - ^ i7(^ + P^^)dp^ ^(^)/ (^) .9(^)'^^rfM 

= -/qxo£24(^,^)/ (^) ^) 5(^)|^(x)da:d/i 
- /qxo If ^r(a:,c.)^(a;).9(^) (A,./) (T (^) ..)da;dAi 
- /qxo (t (t) ^) §§- ) 

Passing to the limit in (|3.20p (as E' 3 £ ^ 0) using conjointly (|3.18p . p.l9p and 
Remark [5] (see (I3.17P therein) one gets 

//qxJ2xA(A) ^1 - +P)c'p) {s)ip{x) f (uj)g{s)dxdp,dp 

= - IlQxnxA{A)^r{x,uj,s)ip{x)f{u})d,g{s)dxdpd/3, 

the derivative 9^ in front of 5 being the partial derivative of index i with respect to 
A(^) defined in the preceding section as dig = Q{dg/dyi) (see also (|2.8p therein). 
Therefore, because of the arbitrariness of / and we are led to 

di%{x,uj,-) — Qi {vi{x,uj,-) ~ ^g Vi{x,uj,- + p)dpj a.e. in A(A) 
for {x, uj) E Q X fl. 

But diZr{x,uj, ■) = diGi{zr{x,uj, ■)) = Gi (Ozr / dyi{x , uj , ■)) , hence, for 1 < i < A^, 

^^{x,Lo, •) = Vt{x,uj, •) - — — ■ / Vi{x,uj, ■ + p)dp a.e. in for {x,uj) E Q x 
oyi \Br\ Jb, 

(recall that Gi is an isomorphism of B\ onto L^{A{A)) which carries over 
onto LP{A{A)) isomorphically and isometrically) . Set fr{x,uj,y) = Zr{x,uj,y) — 
My{zr{x,ui, ■)) where here, Zr{x,uj,-) £ B\ is viewed as its representative in B^j^ 
and My = M standing here for the mean value with respect to y defined as in the 
preceding section (see in particular property (2) and equality p.Sp in Subsection 
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2.3). Then My{fr) = and moreover Dyfr = DyZr so that fr G LP{Q x 
with dfr/dyi G LP{Q x n^B^^), that is, 

/, e LP{Q X n;BY/C). 

So let = Ji ° fr, where Ji denotes the canonical mapping of B](^/<C into its 
separated completion B^^. Then gr G LP{Q x fl;B^\) and moreover 

•) = - / w»(a;, w, • + p)cip (1 < « < iV) 

Cyi \^r\ J Br 

since = |^(a;,w,-) = Now, we also view Vi{x,uj,-) as its 

representative in _B^. Taking this into account, we have 

\\9r{x,UJ,-) - 9r'{x,l^,-)\\t3^^P^ 

(3.21) < \\Dygr{x,uj,-)-v{x,uj,-) + My{v{x,uj,-))\\ 

+ \\Dygr'ix,uj,-) - v(x,w,-) + A^y(v(a;,cJ,•))|fp• 
But _ 

\\Dygr{x,uj,-) -v{x,uj,-) + My{v{x,uj,-))\\^ 

JSTl Ib^ ^' • + ^)'^^ ~ My{v{x, uj, •)) 

Therefore, since the algebra A is ergodic, the right-hand side (and hence the 
left-hand side) of p.2ip goes to zero when r, r' — >• +oo. Thus, the sequence 
{gr{x,uj, ■))r>o is a Cauchy sequence in the Banach space B^^, whence the ex- 
istence of a unique U2{x,uj, •) £ I^^a such that 

3r(a;, 1^, ■) 1*2(2;, cli, •) in B^^ as r — )■ -|-cx), 

that is 

Dygr{x, (jj, ■) — > DyU2{x, (jj, •) in (.B^)^ as r — >■ -l-oo. 

Once again the ergodicity of A and the uniqueness of the limit leads at once to 

DyU2{x, UJ, •) = v(a;, uj, •) — My{v{x, uj, •)) a.e. in and for a.e. (a;, uj) (z Q x fl. 

We deduce the existence of a function U2 : Q x il ^ B^, {x,uj) U2{x,uj, •), lying 
in LP{Q X r2;6^) such that 

(3.22) V- M{v) =DyU2. 

Let us finally derive the existence of ui. Let ^^{x,uj) = ip[x)^[T{x/ei)uj) {{x,uj) £ 
Q X n)) with (p e C^iQ) and = (V'j)i<j<7V e Vdiv (i-e. div„,p' = 0). Clearly 



Ue'ijj'jjr^dxdii 



where iIj'^Ax,uj) — 'if) AT{x / ei)uj). Passing to the limit when i?' 9 e — > yields 



N „ „ N 



/ / Vjip^ jdxd^xdfi — — 'S~\ I f UQipj^^dxd^dP, 

or equivalently, 

(v - Duq) ■ ^ipdxdfidP = 0, 

QxOxA(A) 
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and so, as (/? is arbitrarily fixed in C§°{Q), 

(v(a;,w,s) - Dua{x,uj)) ■ ^{uj)dndl3 = V* G Vdi- 



inxA{A) 
This is also equivalent to 



[ (A/(v) - Duo) ■ = for all * € Vdi, 
Jn 



Therefore, the Proposition [T] provides us with a function •) G W^'^(ri) such 

that 

(3.23) M{v)- Duo^D^uiix,-). 

Putting (|3.22l) and (|3.23p together leads at once at v = Duq + D^ui + DyU2, where 
the function ui : x i-^ ui{x, ■) lies in LP{Q\ yV^'P(il)). This completes the proof. □ 

Remark 7. The preceding theorem generalizes its homologue (see Theorem 3.5 
in [32]) as follows: In Theorem |8] above, take Vl — /S.{Az) where Az is any H- 
supralgebra on which is translation invariant and whose elements are uniformly 
continuous. Then thanks to Theorem[31 a dynamical system can be constructed on 
l^{Az) such that the corresponding invariant probability measure is the Af-measure 
[iz associated to A^. Therefore by the equality (|2.1ip . our claim is justified since 
in [321 Theorem 3.5], both the algebras A and Az are assumed to be ergodic while 
here, the algebra Az is not assumed to be ergodic. We will see in the next section 
how the above result is used, and how it generalizes the one in |32j as claimed. 

4. Application to the homogenization of a linear partial 
differential equation 

We need to show how the preceding result arises in the homogenization of partial 
differential equations. To illustrate this we begin by focusing our attention on 
the rather simple case of an elliptic linear differential operator of order two, in 
divergence form, namely, we consider the following boundary- value problem 

(4 1) (a.,(x,T(x/ei)c^,x/£2)f|-) = / in Q 

Me = on dQ 

where Q is a bounded open subset inM^, / e L°"{fl; H-\Q)) = L°°{fl;W-^'^{Q)), 
Qij e C{Q; L°°(r2; B{M.y))), Uij — aji (the complex conjugate of aji), and {aij)i<i,j<N 
satisfies the following ellipticity condition: there exists a constant a > such that 
^,y)^i^j > a I'^l^ for all {x, y) & Qx R^, for rf/i-almost all w S SI and 
for all A e C^. It is a well-known fact that for each e > (|4.1I) uniquely determines 
Me = Ue{x,uj) € Hq{Q; L^{n)) in such a way that we have in hands a generalized 
sequence (Me)£>o. The fundamental problem in homogenization theory is the study 
of the asymptotic behavior of such a sequence under a suitable assumption made 
on the coefficients Uij of the operator in (|4.ip . Here, as we will see in the sequel, 
it will be sufficient to make this assumption with respect to the variable y G M^. 
Prior to this, it is worth to recall the following facts: firstly, in the case when the 
functions do not depend on the variable y, the homogenization of (|4.ip has been 
conducted in [10] ; secondly, in the case when the coefficients depend only on the 
variables x,y (i.e. the functions aij{x,-,y) are constants), it is commonly known 
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that under the periodicity assumption on the functions atj (with respect to y), the 
homogenization problem for (|4.ip has aheady been solved by many authors and 
the results are available in the literature. In the same case, it is also known that 
in the general framework of deterministic homogenization theory the same results 
are available in the ergodic environment; see e.g. j31) . However, in contrast with 
the ergodic setting, no result is available in the non-ergodic framework so far. The 
following theorem provides us with a general homogenization result in all settings: 
the stochastic one, the coupled stochastic-deterministic one and the deterministic 
one as well. 

Theorem 9. Assume the following assumption holds: 

(4.2) aij{x,uj, ■) (z A for all x d Q and fi-a.e. w G il (1 < J < -^)- 
For each fixed e > let be the unique solution to (|4.1[) . Then, as e Q, 

(4.3) Ue — >■ Wo stoch. in L^{Q x fl)-weak 



an- 



d 



du^ duo — du 



(4.4) ^ ^ + D, „ui + ^ stoch. in L^Q x 9)-weak ^ (1 < j < N) 
oxj oxj oyj 

where the triple (wo,?^i,W2) G = H^{Q; I^^^{n)) x L^{Q;W^'^in)) x L^{Q x 
ri; is the unique solution to the following variational problem 

{u = {uo,Ui,U2) e : 
N 
^ nQxnxA{A)°-ii^j^^i^^^^l^'^f^ ^ (f''^") for all {vo,vi,V2) 

with'DjU — duo/dxj+Dj^ajUi+Gi{du2/dyj) (same definition for J}iv) and (/,t'o) = 
{f(uj),VQ{uj))d^, (•, •) denoting the duality pairing between H^^{Q) and Hq{Q). 

Proof. We have 

for all V S Hq{Q), where a1j{x,uj) — aij{x,T{x/ei)uj,x/e2) for {x,uj) G Q x i}. By 
taking the particular v — ite(-, cj) and and making use of the properties of the matrix 
{aij)i<i,j<N and of the function / we get the existence of an absolute constant 
c > such that sup^^Q ||ue(-,a;)||j:^i^Q-| < c for /i-a.e. uj G fl. Hence, by Theorem[5] 
(where we take there X = Hq{Q)), given any fundamental sequence E, there exists 
a subsequence E' of E and a triple u = (uq, 1*1,1*2) G such that, as i?' 9 e — > 
we have (j4.3|) - (l4.4p . Thus the theorem will be proven as soon as we check that u 
verifies the variational equation (|4.5I) . In fact it is easy to see that equation (|4.5p has 
at most one solution, so that checking that u verifies (|4.5p will prove that u does not 
depend on the subsequence E' , but on the whole sequence e > which will therefore 
establish Theorem [HI Before we can do this, let us, however notice that the space 
Tg" = [D{Q)(g>{I^^{n))]x[V{Q)(g,l2{C^{n))]x[V{Q)(8,C'^{n)(g>{Jiog){A'^/C)] is 
dense in F^. Indeed, this comes from the fact that /2(C°°(0)) (resp. {Jiog){A°° /€)) 
is dense in H'^'^(ri) (resp. S^^), where Ji (resp. g, I2) denotes the canonical 
mapping of S^'^/C (resp. B\, C°°(ll)) into its separated completion (resp. 
B\, yV^'^(ri)); see Section 2 (particularly the Subsections 2.1 and 2.3 therein). 
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With this in mind, let $ = (i/'q, ^2(V'i); [Ji ° P)(^2)) ^ -^o° ^"^^ define 

<i>e(a;,w) = ij:iQ{x,uj) + eiil)^{x,T{x/£i)ijj) + £2'il>2{x^T{x/£i)u),x/e2) {{x,ijj) e QxQ) 

where e Cff (Q) ® /^jf^)^ g Co°°(Q) ® C°°(17) and ^2 e Cff (Q) ® C°°(17) (g) 
(yl°°/C); clearly $e(-,a;) G C^{Q)- Taking in (gJl) the particular v = $e(-,a;) and 
integrating the resulting equality over D, with respect to /z, we get 

(4.7) ±[ al/^'^dxd,^{f,^^). 

One easily show that as e — )• 0, (/, ^^e) (/j'/'o) ^^id d^^/dxi dt/jQ/dxi + 
Di,Ljl2{ipi) + d{Jiog){il;^)/dyi = dipQ/dxi + Di^^ipj^+dip2/9yi stoch. in ^^(Q x fi)- 
strong S (1 < i < N). Putting together this convergence result with (|4.4p . we get 
by Theorem [5] that, a.s E' 3 e ^ 0, 



dxj dxi 



S)juS)i$ stoch. in £ (Q x ri)-weak E 



where SjU = duo/dxj + Dj^i^ui + du2/dxj and2)i$ = dijjo/dxi + Di^i^i{}i+dip2/dyi. 
Note that ^i(Dju) = D^u and ^(2)^$) = ^i(£'(Dj*)) = Di$. Hence a passage to 
the limit in (|4.7p using Proposition^ (recall that the function G C((3; i°°(ri; A)) 
and is therefore an admissible function in the sense of Definition [S]) yields 

J2 ff ay DjuD^dxd/xd/? = (/,V^o) for ah $ e Jo°°. 



h3 = l 



QxnxA{A) 



We therefore get (|4.5p by density of J-^ in F-'^. This completes the proof of the 
theorem. □ 

Now, we need to show that Theorem IH] generalizes all the existing results in 
the framework of homogenization of linear elliptic equations. To that end, we will 
distinguish three cases: (1) the case when the functions a^j and / do not depend 
on the random variable w; (2) the case when the functions aij do not depend on 
the deterministic variable y and, (3) the case when the functions a,j depend upon 
both uj and y and the function / does not depend on uj, but with i7 = A{A2) where 
is some algebra with mean value on M^. 

For the first case we have aij{x, w, y) = aij{x, y) and f{x, uj) = f{x) for (x, w, y) G 
Qxl7xR^. In that case, the problem (j4.ip is a deterministic one, and its solution 

does not depend on uj. A rapid survey of the proof of Theorem [S] gives, by the 
Remark 21 that the functions v and uq therein can be chosen in L'p{Q\ S^)^ and in 
LP{Q; B^), respectively. This yields immediately the fact that the function ui there 
is equal to zero, so that v — Duq + DyU2 with U2 S LP{Q; B^^). The continuity 
assumption on aij{x,-) can therefore be replaced by a measurability assumption 
aij{x, •) G L°°{Ry ), so that the homogenization result for (|4.ip therefore reads as 

Theorem 10. Assume the following assumption holds: 



aij{x, ■) G B\ for all x e Q {I < ij < N). 
For each fixed e > let be the unique solution to (j4.ip . Then, as e ^ 0, 

Ue — J> uq in Hl{Q)-weak 
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and 

where the couple {uo,U2) G = Hq(Q) x L'^{Q; B^^) is the unique solution to the 
following variational problem 

( u= (iio,M2) : 

(4-8) E //QxA(A)%te+^i(|7)) (ii7+^i(S7))^^^/^ = (/'^o) 

[ for all {vo,V2) G F^. 

Equation (j4.8p is well-known in the literature of deterministic homogenization; 
see in particular pT] , 

For the case of a random operator {aij{x,uj,y) — aij{x,uj)), a similar type of 
reasoning as the one in the previous case (using once again the Remark U]) yields 
the following result. 

Theorem 11. For each fixed e > let he the unique solution to (|4.ip . Then, 
as e ^ 0, 

Ue — ^ Mo stoch. in L^{Q x i})-weak 

and 

du du 

+ D j ^ui stoch. in L^iQ x Q.)-weak (1 < ? < N) 

oxj oxj 

where the couple {uq,ui) is the unique solution of the following variational problem 

( (mo, Ml) e Fi - i/i(Q;^™(f^)) xL2(g^yv^)) 

(4.9) I EJlQ.n^v{^ + D,.^^i) (|^ + A,.Mi)d:rdM=(/,t^o) 
[ for all (uo,Mi) e F^ 

Equation (|4.9p is also well-known in the literature; see [TUJ [MJ [3S] . 

For the last case, we assume that = A{Az), being some algebra with mean 
value on for the action % = (7Je)e>o defined by H^{x) = x/ei {x G R^). The 
ergodic algebra A (in Theorem |9]) is denoted here by Ay and its associated M- 
measure by Py. We use the same letter Q to denote the Gelfand transformation on 
Ay and on A^ as weh. Points in A{Ay) (resp. A{Az)) are denoted by s (resp. uj). 
The compact space A{Az) is equipped with the M-measure (3^ for A^. We know 
by Theorem [3] that one can define a dynamical system on the spectrum A{Az) of 
Az so that the invariant probability measure is precisely the M-measure for A^ . 

With the above preliminaries, our concern here is not to reformulate the state- 
ment of Theorem[9l but to show how it includes the general setting of reiterated de- 
terministic homogenization. For that purpose, let bij G C{Q; L°°{M.^ ; B{Ry))) with 
bij — bji and {bij)i<i,j<N satisfying the following ellipticity condition: there exists 
a constant a > such that bij{x, z, y)XiXj > a |A|^ for all (x, y) & Q x K^, 

for almost all z G M.^ and for all A G C^. Assume moreover that the following 
hypothesis is satisfied: 

(4.10) b,j{x,-,y) e Bl^ and b,,{x,z,-) e Ay a.e. {z,y) eR^xR^ {l<i,j<N). 
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Since by the construction of the dynamical system T(z) on A{Az) (see the proof of 
Theorem [3]) we have 

g{bij{x, ■ + z,y)){uj) = g{b^j{x,-,y)){T{z)uj) 

(for all z <E R^, for almost u E A{Az) and for any fixed {x,y) G Q x R^), we set 
in a natural way 

a„-(x,w,y) = e(6y(x,-,y))(w) ((x,w,y) G Q x A(^,) x R^), 

Q being here the extension of the Gelfand transformation to the Besicovitch space 
B^^; see property (2) in Subsection 2.3. Then, in view of the properties of Q, the 
functions a.y thus defined satisfy all the requirements of Theorem [9] so that we get 
a homogenization result for the following problem: 

TV 



(4.11) 



E 



d 
dxi 



X, ■ 



X X 



dxi 



= / in Q, u, G Fi(Q). 



It is important to note that we do not say that problem ()4.ip is equivalent to problem 



(|4TT|) 
Then 
_d_ 

dx. 



In fact let us assume that the functions bij are such that bij{x, •,?/) e Az 



X, T 



X 
£2 



dxj 



d 

dxi 
d_ 

dxi 



Q k 



X 
£2 



T 



dxi 



£l £2 



d 

dxi 



X, 



X 

+ —, 

£i 



£2 



the last equality being due to the fact that Q is linear continuous. 

u! — Sz {z G M.^), the Dirac mass at z, then 



d 

dxi 



x,T 



£l 



X 
£2 



dxi 



d 

dxi 



d 

dxi 



X, z + 



£i 



X 
£l 

X 
£2 



If in particular 



dxi 



£2 

du, 
dx 



(, ) denoting the duality pairing between A'^ and Az 
this particular case, Equation (14. ip becomes 



(see Subsection 2.2). Thus, in 



(4.12) 



N 

E 



d 

dxi 



X X 

X, z H , — 

£l £2 



1^ ) = / in Q, e H^{Q). 



One therefore sees that (|4.1ip comes from ()4.12p by taking there z = 0. It is also 
to be noted that if the algebra Az is ergodic, then the dynamical system T{z) is 
ergodic, in such a way that (14.121) is equivalent to (|4.11l) . However, still assuming 



Az to be ergodic and taking the functions bij mC{Q; 



))) with (liJUl) . 



and finally arguing as in [501 Section 4], one also obtains the equivalence of (|4.1ip 
and (|4.12p . We also note here that the algebra Az is not assumed to be ergodic 
in general, so that we have a great flexibility in Theorem [S] in the particular case 
where VL — /S.{Az). Indeed, Theorem |9] works in all the environments: the ergodic 
one and the non ergodic one for Az- In the particular case when the algebra Az 
is ergodic, /^„(A(A2)) consists of constants, so that the function uq lies in Hq{Q). 
We thus recover the well-known results in that environment. If we assume that Az 
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is not ergodic, our result is then new. For the sake of completeness, let us give some 
concrete situations in which our result applies. 

Example 1 (Homogenization in ergodic algebras). One can solve the homogeniza- 
tion problem for (j4.11|) under each of the following hypotheses: 

(H)i The function bij{x, •, •) is periodic in y and in z; 

(H)2 The function bij{x, ■, •) is almost periodic in y and in z; 

(H)3 The function bij{x,-,y) is almost periodic and the function bij{x,z,-) is 

weakly almost periodic fT9\; 
(H)4 The functions bij{x, •, y) and bij[x, z, ■) are both weakly almost periodic. 

Example 2 (Homogenization in non ergodic algebras). For the sake of simplicity, 
we assume here that N = 1. Let Az be the algebra generated by the function 
f{z) = cos \/z {z G M) and all its translates /(• + a), a € M. It is known that A is 
an algebra with mean value which is not ergodic; see [1^ for details. However, as 
said above, one can solve the homogenization problem for (j4.1ip under the following 
hypothesis: bij{x, ■,y) £ and bij{x, z, ■) € Ay, where Ay is any ergodic algebra 
with mean value on M. The homogenization problem solved here is new. One can 
also consider other homogenization problems in the present setting of non ergodic 
algebras. 

5. Application to the homogenization of nonlinear Reynolds-type 

equations 

In this section we study the homogenization problem for nonlinear Reynolds- 
type equations. More precisely, let 1 < p < oo be fixed and let the function 
{x,uj,y,X) ^ a{x,u,y,\) from Q x r2 x x to satisfy the following 
conditions: 

For all {x, y, A) G R^ x R^ x M"^ and for almost all u e n, a{x, •, y, A) 
is measurable and a(-,a;, •, •) is continuous; 

There are four constants co, ci, C2 > 0, < a < min(l,p — 1) 
and a continuity modulus v (i.e., a nondecreasing continuous 
function on [0, -l-oo) such that i^(0) = 0, i^(r) > if r > 0, and 
^{r) = 1 if r > 1) such that for a.e. y E and for /i-a.e cj e fi, 

(i) a{x,uj,y,X) ■ X > cq \Xf 

(ii) |a(x,c.,2;,A)|<ci(l + |Ar^) 

(iii) \aix,u;,y,X) ~ a{x',u;,y, X')\ < z.(|x - a;'|)(l + \Xr' + |Af "') 
+C2(l + |A| + |A'|)^-'-"jA-A'r ^ 

(iv) {a{x, oj, y, A) — a{x, uj, y, A )) • (A — A') > if A ^ A' 

for all X, x' £ all A, A' G R^, where the dot denotes the usual 
Euclidean inner product in R^ and | • | the associated norm, 
Q being a bounded open set in R^. 

We consider the boundary value problem 

«e(-,^)e<'''(f)) : 

^ • ^ diva(x,r(^)w,^,i?7.,) =div5(x,r(^)L.,^) ing 

with b e C(Q; i°°(r2; 6(R^))), where we assume that the scales e\ and e-i are well- 
separated as in Section 3. It is easily seen that the realization a{x,T{z)bj,y,\) is 



(5.1) 



(5.2) 
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well-defined for almost all w G f2, such that the functions x i— > a{x, T{x/ei)uj, x/e2, v(2 
of Q into (defined as element of Lp' (Q)^ for v e LP{Q)^) and {x,uj) ^ 
a{x, T{x/ei)cj, x/ea, "S^ix, T{x/ei)uj, x/ea)) (for * G C(Q; L°°(f7; 6(Mf )^))) of g x 
17 into denoted by a^(-,1'^) (as element of L°°{Q x fi)^) are well-defined. 
With this in mind, we see that the problem (|5.3p admits a unique solution e 
Wo'''(Q;LP(n)) (for each fixed e > 0); see e.g., [H Chap. 2]. 

The main advantage of considering this problem lies in its application in hydro- 
dynamics. One of the difficulties encountered in homogenizing the above problem 
is that the right-hand side of (|5.3p depends upon e and rather weakly converges in 
LP (17; W~^'P (Q)), contrary to what is usually considered in the literature. 

Throughout the rest of this section, all the vector spaces are assumed to be real 
vector spaces, and the scalar functions are assumed real valued. Obviously, this 
entails that the results of Section 3 are still valid, the only difference being that 
all the function spaces are real. Now, let A be an ergodic 77-supralgebra on M^. 
Our goal here is to investigate the limiting behavior of (we)£>o (the sequence of 
solutions to (15.31) ) under the assumptions 

(5.4) 6eC(Q;L°°(f7;A)) 

(5.5) ar{x,uj,-,\) e A for aU (a;, A) e Q x 17 x (1 < i < TV) 

where denotes the ith component of the function a. Assuming (15. 5p . it follows 
as in the proof of Theorem |7] that, for any ^ £ [C^iQ) «> C°°(fJ) (g) A]^, the 
function a(-,4') : {x,uj,y) i-^ a{x,uj,y,'i/{x,u!,y)) lies in C{Q; L°°{n; A)^) so that 
by Proposition |8] we have the following convergence result: 

(5.6) a-(-,*^) -> goa,{-,-ii) stoch. in Lp' {Q x f])-weak S as e ^ (1 < i < iV), 

g being the canonical mapping from into and {go ai{-,"i')){x,uj,y) = 
g{ai{x,u}, •, \E'(a;,a;, ■))){y) for {x,uj,y) G QxQx R^. Moreover the following result 
holds. 

Proposition 11. The mapping ^ a{-,^i) from [C^{Q) ® C°°{n) (?) A]^ into 
LP (Q X ft; B^)^ , extends by continuity to a unique mapping still denoted by a, of 
LP{Q X ri; (B^)^) into LP {Q x 17; B^')^ such that 

(a(-, v) - a(-, w)) • (v - w) > a.e. in Q x D, x 

M;V) - a(-, W)|| ip'(Q^fj.sP')« < C2 111 + |v| + H\\T,lQ"n:Bl) " ^\\lp{Qxn:B'^)« 

\a{x,uj,y,w) — a{x',ijj,y,w)\<i'{\x~x'\){l + \w\^ ^) a.e. inilxM.y 

for all v,w S LP{Q x ft; (B^)^) and all x,x' £ Q, where the constant c'l depends 
only on ci and on Q. 

Proof It is immediate that for e [C^{Q) ® C°°(f2) (g) A]^ , the function a(-, *) 
verifies properties of the same type as in (|5.2I) (see in particular inequality (iii) 
therein), so that arguing as in the proof of 44, Proposition 3.1] we get the result. □ 

As a consequence of the convergence result (|5.6p we have the following result 
whose proof is quite similar to that of [ISl Corollary 3.9] (see also HS', Corollary 
3.3]). 
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Proposition 12. For i/'o e Cg={Q) «) ipi G C^iQ) ® C°°(f7) anrf ^2 e 

Co°(Q) «> C°°(fJ) (g) .4°°, de/?ne t/ie function (e > 0) &?/ 

(5.7) <P, =iPo + £i^l+£2^h 

i.e., $e(a:,w) = Vol^^''^) + + '^2'02(2^!r(2:/£^i)'^72;/£2) {{x,uj) e 

Q X f2). Le< be a sequence in L'p{Q x Vl)^ such that vq stock, in 

Lp{QxVL)^ -weakY. as E 3 e ~> where vq S LP(Qx fi; S^)^. Then, as E 3 e ^ 0, 



xSl J JQxnxA(A) 

where dip 2 — {9j4'2)i<j<N with djip2 = G (dip 2/(^1/3) ■ 

We recall that the algebra A is as stated earlier in this section. For 1 < p < 00 
we put FJ'P = WQ-P{Q;IP^{n)) x LP{Q;W^'P{n)) x LP{Q x We endow 

Fg'^ with the norm 

N 
i=l 

u = (iio,ui,ii2) e fJ'*'- 

In this norm, FJ'^ is a Banach space admitting J"o°° = [C^(g)® (/P„(r2))] x [C^f (Q)(g 
Jp(C°°(n))] X [C(f (Q) (gC°°(17) (Ji o p)(A°°/C)] as a dense subspace where, Ji 
(resp. g, Ip) denotes the canonical mapping of B](^/C (resp. B^, C°°{i})) into its 
separated completion (resp. B^, VV"^'^(ri)). With this in mind, we have the 
following homogenization result. 

Theorem 12. Let 1 < p < 00. Assume ()5.4p and (15. 5p /lo/rf w't/i ^ an ergodic 
H-supralgebra on which is moreover an algebra with mean value. For each real 
e > 0, let Ue be the unique solution of (|5.3p . Then, as e 0, 

(5.8) Us — ^ uq stoch. in LP(Q x fl)-weak 

and 



du^ dua — du 



(5.9) ^ ^ ^ + £>, ^lii + ^ sioc/i. zn LP{Q x r2)-weafc S (1 < j < A^) 
c/Xj oxj oyj 

where u = (mo,wi,W2) G Fq'^ is i/ie unique solution of the variational equation 

(5.10) //QxnxA(A)«(-'I^") ■^v^2;d/xd/3 = /Q^^^^(^)S(x,u;,s)divvdxd//ci/3 
/or V = {vo,vi,V2) e FJ'^ 

withBw = Di^o+i^c^wi+^f (I?yW2) /orw = {wo,wi,W2) £ fJ'^' w/iere; (I3yiy2) = 
{Qi{dw2/dyij)i<i<N , divw = div wo+div^ wi+divyu;2 withdivui wi = I^ili A.^wi, 
diVyW2 = ^i(diVj,W2), divj,u;2 = "l^iLi 9w2/dyi, Qi being the isometric isomor- 
phism ofB^j^ onto LP (A (A)). 

Proof. First of all, it is evident that due to the properties of the mapping a we have 

(5-11) Co he(-:^)ll^i^P(o) < l|div5^(-,w)||n.-iV(o) ■ 

Thus, rising the two members of the inequality (|5.1ip to the power p' and integrating 
the resulting inequality over VL we get 
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Hence, as the sequence (div 6^) is bounded in (51; W ^'^ (Q))i it results that the 



sequence (we)e>o is bounded in Wq'^(Q] LP{Q,)). Therefore the sequence (a^(-, Du^))^^o 



is bounded in {Q x Q)^ . Thus, given a fundamental sequence E, Theorem 
|8] guarantees the existence of a subsequence E' extracted from E and a triplet 
u = (uo,ui,U2) e Wl'P such that dSHl-dO]) hold when E' 3 e ^ 0. The next 
part of the proof is to show that u solves equation (|5.10p . For that purpose, let 
$ = (V'o,/p(V'i),(^i o £')(V'2)) € J"o°° and define $^ (e > 0) as in ^1}. Then 
$e(-,aj) e C^{Q) and further, in view of [part (iv) of] (I5.2p we have 

0< / (a^(-,i:'Me) - a^(-,^*e)) • P^te - £'*£)rfa;c?M, 

./qxO 



(5.12) < - / a^(-, • (L'we - D<^,)dxdn + [ ¥ div(w^ - $Jda;d^. 

jQxn JQxn 



But, 



/ fc"^ div( — = / div u^dxdiJ. ~ / div il^gdx dpi 

JQxn JQxn JQxn 

6''[(div„ V^i)" + (divj^ ?/;2)^](ia;dA' 

Qxn 

b''[ei{div^{)^ + e2{div'ip2Y)\'ixdii 

xn 

+ / — [div^ 11)2)^ dxd^ji, 
JQxn ^1 

and, as i?' 9 £ — > we have by using (j5.9p . 

(5.13) / 6^ div(Me - ^e)dxdii ^ / / 6div(u - ^)dxdiJidl3. 

JQxn J JQxnxA(A) 

Therefore passing to the limit in ()5.12[) using ()5.8p - ()5.9p . the above convergence 

result (|5.13p together with Proposition [1^ we get 

(5.14) 



< - / / a(-, ©$) • D(u - ^)dxd^idp + b div(u - ^)dxdnd^, 

J JQxnxA(A) J JQxnxA(A) 

$ ranging over and hence over FJ'^ too (by a density argument). Taking in 
(15.141) the particular functions ^ = u — tv with t > and v = {vo,vi,V2) S Fq^, 
then dividing both sides of the resulting inequality by t, and finally letting i — ^ 0, 
we get (ISTTO)) . 

The next point to check is to show that u is unique. We begin by showing that 
U2 is unique. For that, we take in (|5.10p the function v ~ {vo,vi,V2) with vo — 
and vi — 0; then for each fixed {x,uj) £ Q x fl, U2{x,uj, •) is solution to 

!a(A) ^(^' ^^o{x, uj) + DujUi{x,uj) + du2{x,u}, s)) ■ dwd(3 
= /^(■^■j b{x, uj, s) divy wdj3 for all w G ^Ij^a- 
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So, let {x,u,^) e Q X n X be freely fixed, and let C = C{x,uj,^) e B^/j^ be 
defined by the cell equation 

(5.16) / a{x,uj,-,^ -\- dQ ■ dwdjS — / b{x,u,-)d\Yy'wdl3 iov a\\ w ^ B\f^. 

Ja{A) Ja(A) 

Since the linear functional w i— > /^(•^•, b{x,u!, ■)drvywdf5 is continuous on B^^, it 
follows by '28, Chap. 2] that equation ()5.16p admits at least a solution. But this 
solution is unique; indeed if Ci and C2 ai'^ solutions to (j5.16p . then we have 

for all w e B^^. 

Taking in particular w = ~ C2 in the above equation it follows by [part (iv) of] 
(|5.2p that d(i ~ 8(2 and hence Dyd — Dy(2- We deduce that Ci = C2 since they 
belong to B^^. Now, taking in (|5.16p ^ — Duo{x) + Di^ui{x , to) , and comparing the 
resulting equation with (|5.15p . we get by the uniqueness of the solution of (|5.16p 
that U2{x,uj,-) = C{x,uj, Duo{x,uj) + Z?^ui(x,a;)) for a.e. {x,u>) e Q x f2. This 
shows the uniqueness of U2. The same process shows the uniqueness of ui and 
of uq. We conclude that u is unique so that the convergence results (|5.8p and 
(|5.9p hold for the whole sequence e as expected. This completes the proof of the 
theorem. □ 



One can work out some homogenization problems related to problem (|5.3|) . ()5.4I 
and (|5.5p . In particular one can solve: 



(P)i The coupled stochastic-periodic homogenization problem stated as 
follows: For each fixed (x, w. A) G Qxflx M.^ , the functions y 1— ?> a{x,ijj,y, X) 
and y b{x,uj,y), are F-periodic where Y — (0,1)^. Here we get the 
homogenization of (|5.3p with A = Cpci{Y). 

(P)2 The coupled stochastic-almost periodic homogenization problem 

stated as follows: 

a{x,uj,-,X) e {AP{R^))^ for any (x,lu, X) eQ x fl x M^; 
b{x,uj,-) e ylP(M^) for a.e. {x,uj) eQxn 

where here, AP{M.'^) is the algebra of all Bohr almost periodic complex 
functions [5] defined as the algebra of functions on that are uniformly 
approximated by finite linear combinations of functions in the set {7^, : k G 
K^} with 7^(2/) = exp(2i7rfc-2/) (y e M^). It is known that AP{R^) satisfies 
assumptions of Theorem |8] (see [32]). We are led to the homogenization of 
(jOj) with A = AP(R^). 

(P)3 The coupled stochastic-weakly almost periodic homogenization 
problem I: 

a(a;,w,-,A) € {WAP{R^))^ for any (x, w. A) e Q x x R^; 
b{x,uj, ■) e AP(R^) for a.e. {x,uj) €Qxn 

where WAP(R^) is the algebra of weakly almost periodic functions on 
[19l[32]. It is known ^32^ that WAP{R^) satisfies hypotheses of Theorem[8] 
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with moreover, AP(M^) C WAP{R^). This leads to the homogenization 
of dSSl) with A = WAP{R^). 

(P)4 The coupled stochastic-weakly almost periodic homogenization 
problem II: 

a{x,uj,-,X) e (AP(R^))^ for any (x, A) G Q x f7 x M^; 
b{x,u},-) e WAP{M.^) for a.e. {x,uj) eQ xQ 

which yields the homogenization of (|5.3p with A = WAP{M.^). 

(P)5 The fully coupled stochastic-weakly almost periodic homogeniza- 
tion problem III: 

a{x,uj,-,X) e (WAPiR^))^ for any (x, w, A) G Q x SI x R^; 
b{x,uj,-) e WAPiR'^) for a.e. G Q x 17. 

Here the suitable H- supralgebra is A ^ WAP{R^). 

The same remark as the one made at the end of the preceding section is also valid 
in this case, namely, the results of this section apply in all the environments: the 
deterministic one and the stochastic one as well. This is also true for the reiterated 
deterministic framework as seen in the preceding section. This therefore extends 
all the results of the paper [32] since in the case when f2 = A{Az) we do not need 
to make any ergodicity assumption on the algebra A^ as it was the case in j32| . 

6. Application to the homogenization of a model of rotating fluids 

Throughout this section, all the vector spaces are assumed to be real vector 
spaces, and the scalar functions are assumed real valued. 

6.1. Introduction and preliminary results. It is well known that the flows of 
commonly encountered Newtonian fluids are modeled by the Navier-Stokes equa- 
tions. These flows are sometimes laminar, sometimes turbulent. Unfortunately, 
in reality, the flows of fluids are almost always turbulent. Thus starting from two 
identical situations, the flow may evolve very differently. This explains its dual 
nature of being both deterministic and unpredictable (random) . 

In this section, our goal is not to establish the conditions for the prediction of 
the turbulence, but to describe the asymptotic behavior of a model of turbulence. 
More precisely we study the asymptotic behavior, as < e — >■ 0, of the following 
three dimensional Stokes equation 



Let us make precise the data in (|6.ip . Let Q be a smooth bounded open set in R: 
{N = 3); in Q we consider the partial differential operator 



P^Ue + h^ 



X Ue + gradpe = f in Q 
div Ue in Q 
Ue = on dQ. 



(6.1) 




N 



P" = - 
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where T is an A^-dimensional dynamical system acting on the probabihty space 
{Q.,M,^J), the functions a^- S C(Q; B(R^))) (1 < i,j < N) satisfy the 

following assumptions: 

(6.2) = aji 

and there exists a constant a > such that 

/co\ J2 o.iji^'^'y)^i^j ^ (^\M for aU A = (A,j) e M^, all x e Q 

and for almost all {uj,y) G x M^. 

The operator defined above is assumed to act on vector functions as follows: 
for u = iu')i<,<N e H^iQ)^ = (W^-^iQ))^ we have P'u = {P'u')i<,<n. The 
function is defined by h'^{x,uj) — h{T{x/ei)ijj,x/e2) for {x,uj) £ Q x il, where 
h = (hi) E L°°{n;B{M.y))^ . Likewise, for two vector functions u = (m*) and 
V = both in L^{Q)^ , u x v denotes the exterior product of u and v defined to 
be the vector w = (w^) with 

JV=3 

(6.4) = ^^oku^^^ (1 < i < = 3) 

where Sijk is the totally antisymmetric tensor defined as follows: em = for 1 <i < 
3, and £123 = £231 = £312 = 1 and £321 = £213 = £132 = —1; du/dxj stands for the 
vector {du^/dxj, . . . , du^ /dxj). Finally, the function f lies in L°°(r2; H~^{Q)^) = 
L°°(f];(T^-i'2(g))W) and gradp (for p G L^{Q)) designates the gradient of p, 
sometimes denoted by Dp. 

It is known that the problem (j6.1[) (for each fixed £ > and for //-almost all 
w G ri) uniquely determines a couple (u£(-,cij),pg(-,w)) G Hq{Q)'^ x {L^{Q)/R), 
which therefore yields a unique couple {u^,Pe) G H^{Q; L'^{fl))^ x i^(ri; L'^{Q)/M.). 
Thus we have in hand a sequence {{Ui,,p^))i,^Q and we aim at investigating its 
asymptotic behavior, as £ — ?> 0, under suitable assumptions on (1 < i,j < N) 
and on h. It is worth noting that there exist many references on the homogenization 
of Stokes equations in the periodic setting as well as in the stochastic setting. 

We assume throughout this section that A is an algebra with mean value on Ry . 
In the study of the problem (|6.ip the following issues arise: 

(1) To establish the conditions under which the solutions of (|6.ip converge as 
£ ^ 0; 

(2) To determine the boundary value problem for the limit function. 

These issues will be addressed in the next subsection. Prior to this, we introduce 
the following space: 

MliQ) = {u G H^iQf : divu = 0}. 
This is a Hilbert space under the Hilbertian norm of Hq{Q)^ defined by 
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with Vv^ denoting the gradient of w*^ G Hq{Q). Next we introduce the bihnear 
form a'^{uj;-,-) defined as follows: 

a-(w;u,v)== y (u v = Hi(Q)^). 

i,j,k—l ^ 3 ^ 

One easily sees by (|6.2p - (|6.3p that a'^(aj; •, •) is symmetric and satisfies the coercivity 
assumption 

(6.5) a-(c.;v,v)>a||v||^,(Q)„ (v G ifi(g)^, < £ < 1). 

Moreover we have |a'^(a;; u, v)| < c||u|j^i(g^N I|v||//1(q)jv for every u, v e Hl{Q)^ 
and < e < 1, where c is a positive constant independent of e and of cj S ri. 

In the sequel we will use the following notation: the stochastic divergence oper- 
ator d\'Vuj,2 will be merely denoted by div^^. With this in mind, we will make use of 
the following spaces: 

Wli^S^) = {u e W^^'^i^f : div^^u = 0} 

and 

S^:^^ = {u e {B)^ir : di^.u = 0} 

where div^u — X^iLi du^/dyi and div^u — X^iLi Di,^u^, and of their smooth coun- 
terparts 

WdTvJf^) = {u e C^inf : div^u = 0} 

and 

A^^^JR = {u e : M{u) = and divj^u = 0}. 

The following result holds. 

Lemma 4. The space li' {W^^Jfl)) (resp. (Jiog)^ (AXi^JR)) is dense inW^l^jn) 
(resp. B];^J where, for u = {u% £ A^^JR, {J, o g)^ {u) =. {J,{g{u'))),, and, for 
u = e WZJ^), li'in) = {h{u^))r. 

Proof. As regard the denseness of Wdfvc^(^) ^div (^)' ^^^^ follows in the same 
way as the proof of [49l Lemma 2.3]. Concerning the next part, as it was seen 
in Section 2, when J7 = A(^), the space C°°(f2) is just replaced by the space 
gi{g{A°°)) = Q{A°°) = 2?(A(A)). Moreover the algebra A being ergodic, the in- 
variant functions (for the dynamical system induced by the translations on A(^)) 
consist of constants. Therefore we have W'^''^{l^{A)) = ^i(S^^) = W;^'^(A(A)) 
(see (P?T^ and (P?TI)) for the properties of ^i). Let us recall that 'W'^''^{A{A)) 
is the completion of C°°(A(yl)) = 2?(A(yl)) with respect to the seminorm (|2.ip 
(see Section 2), which is also the completion with respect to the same seminorm 
of C°°(A(A))/M = {m e V{l^{A)) : J^^^-^udp = 0} X>(A(A))/R (that is, 

W^'^{A{A))) since any u G C°°{A{A)) invariant (for the dynamical system in- 
duced on A{A) by the translations on M^) is constant. Hence, using once again 
[49l Lemma 2.3] we get the last part, and the lemma is proved. □ 

Now, let r'div(Q) = {92 e C^(Q)^ : div(p ^ 0}. It is known [HI El] that 
'DdiviQ) is dense in EIJ(Q). Next set 

Fj = ml{Q;ll,{n)) X L^Q^W^llm x L^Q x n;B'^^J 
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and 

where: PdivCQ; iLi^)) is defined to be the space of those u e (C^((5) «) /^^(rj))^ 
such that div u = (and the other members of the Cartesian product in are 
defined as usual) and Hj(Q; /2„(1])) = {u e H^{Q; I^^{n))^ : divu = 0}. Then 
thanks to Lemma IH the space J^§° is dense in F J . 

6.2. Homogenization result. Our goal in this subsection is the study of the as- 
ymptotic behavior of (ue)e>o (the sequence of solutions to (j6.ip ') under the following 
assumptions: 

(6.6) aij{x,uj,-) e A for ah (a;, cj) e Q x rj, 1 < i,j < N; 

(6.7) he L°°(17;A)^. 

We are now able to state and prove the homogenization result of this section. 

Theorem 13. Assume (|6.6p - (|6.7p hold. For each < e < 1 and for a.e. u E ft let 
u^i-,uj) = (m^(-,w)) e Hi(Q) be defined by (EH). Then ase^O, 

(6.8) Ue Uq stoch. in L^{Q x fl)^ -weak 
and 

(6.9) -TT^-^ ^ + D j „uf + Stoch. in L^iQ x m-weak S (1 < j, fc < N) 
oxj oxj OTjj 

where u = (uo,Ui,U2) G Fj (with Ui = {u^)i<k<N , < i < 2) is the unique 
solution to the following variational problem: 

I a(u,v) +//Q^j-j(h X uo) • vodxd^ = (f,vo) 
I /or a/Z V = (vo, vi, V2) e Fj 



with: 



N 



a(u,v) = 1 1 aij{x,uj,s) + Dj^^u'l + 

' 'nxnxA(A) \C^j 



i,j,k—l 



■jU2 



dv^ — 



° ' Di^i^v^ + diV2 ] dxd^df3; 



h{uj) = [ h{uj,s)dP; 
Ja(a) 



IA{A) 

(f>vo)= / (f(-,a;),vo(-,w))^-i(Q)«^^i(Q)iv d^* 



and 



djU2 = Gi{du2/dyj) (and a same definition for S^Wj 
Proof. We have (for each < e < 1 and for /i-a.e. oj E fl) 
(6 11) +/Q(h''(-:w) X u,{-,uj)) ■ vdx - jQp,{-,u})diwdx 



(f(-,w),v) for all veiJi(g) 



N 



where (f(-,a;),v) = {^{■,^),^)h-^{q)''^ ,h^{q)''^ ■ Taking the particular v = u^{-,ll>) 
in (|6.1ip and using the fact that (h^(-,aj) x Ue(-,a;)) • Ue{-,uj) = 0, we obtain 
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immediately that the sequence {ue{-,uj))e>o is bounded in Hq{Q)^ uniformly in oj. 
On the other hand, it is an easy task (using the above boundedness condition) to 
see that 

|(gradpe(-,w), v)| < c||v||^i(Q)„ for aU v e H^iQ)'^ , 

c being a positive constant independent of ut and of v G Hl{Q)^ . Hence, the 
sequence (gradpe(-, cl;))o<£<i is bounded in H~^{Q)^ independently of a; G il. 
Therefore, using a well-known argument (see e.g. |42[ p. 15]) we deduce that the 
sequence (pe(-, a;))o<e<i is bounded in L^{Q)'^ independently of w. So, given an 
arbitrary ordinary sequence E, Theorems [5] and [5] give rise to a subsequence E' 
from E and functions Uq = (ug) G Hl{Q-ll^{9.) f , Ui = {u\) S L^{Q-W^-^{n))^ , 
U2 = (uf) e L'^iQx f7;S^^)^, po € L^{Q x n;B\) such that, as 9 e ^ we 
have in^-dnH) and 

(6.12) -> Po stoch. in L^{Q x ri)-weak E. 

It is easy to see that, due to the equality div Ug — 0, we have div Uq = 0, div^^ Ui = 
and divj,U2 = 0. Therefore u = (uo,Ui,U2) € Fj. The next step is to show that 
u solves equation (PHH) . To this end, let * = (*o, ^2^(^'i), {Ji o £')^(*2)) S ^o°°; 
define *e := +e2*2> that is, $e(a:,cj) = ^'0(2;, i:.^) +ei*i(x, T(a;/£i)i:j) + 

£2^*2(2;, 7'(x/ei)cj, x/£2) for (x,w) G Q x f2. We have, in view of (|6.1ip . 

^ • > =^(f(,c.),*,C,^))rfA*. 

We need to pass to the limit in (j6.13p . Starting from the term a'^(w; u^, ^^)d^, 
proceeding as in the proof of Theorem [9] we get 



/ a^(aj; Ue, *e)d/^ a(u, *) as E' 3 
Jn 



0. 



From the definition of x u^, it readily follows from Proposition [5] (taking there 
hii^oj € ^(Q; i°°(^i ^)) as a test function, where = (V'o,i)i<j<A') that, as 
E'3e^0, 

/ (h^ X Ug) • ^^dxdfj, — > / (h X Uq) • '^Qdxdji, 
JQxn JQxn 

and due to (p?T^ . as E' 3 e 0, 

/ Pe div ^^dxd^j, — ^ / / Po(div vJ/q + div^^J^i + divy^2)dxd^idl3, 

which, with the fact that ^ G J-§° (which yields div^I/o = 0, div^; Vl/i = and 
divy ^1*2 — 0) gives 

/ Pe div ^gdxd^ — > when i?' 9 e — > 0. 
JqxQ 

Moreover one obviously has J^{i{-,uj),^^{-,uj))dfi — > J^{i{-,bj),'i/(){-,uj))dfi when 
E' 3e^0. 

Finally, taking into account all the above facts, a passage to the limit in (|6.13p 
when E' 3 e ^ yields 

a(u, *) + / / (h X uo) • "fodxd^i = (f , *o) 
J JQxn 
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for all ^ E J^a° ■ Using the continuity of the linear form vq > //g^j^(hxuo)-vofia;d/i 
on Hj(Q; (recall that h e L°°(17)^) associated to the density of Jo°° in Fj, 

we are led at once to (|6.10p . Finally, from the equality //g^j^(h x Uq) • Uodxdfi — 
it classically follows that the solution of (I6.10p is unique. Therefore (|6.8p - (|6.9l) hold 
for the whole sequence £ > as claimed. □ 

6.3. Some applications of Theorem 1131 We give in this subsection some con- 
crete situations in which Theorem [T^] is applicable. First of all, we recall that we 
will only need to satisfy assumptions (j6.6p - (l6.7p . With this in mind, we see that 
one can solve the following homogenization problems: 

(P)i The coupled stochastic-periodic homogenization problem stated 

as follows: For each fixed I < i,j < N and for //-a.c. ut E and a.e. 

X E Q, the functions y i-> aij{x,ui,y) and y i— >■ h(a;,t/) are F-periodic, 

where Y = (0, 1)^. Thus, we are led to the homogenization of (|6.ip under 

the above assumptions, but with A = Cpor(^)- 

(P)2 The coupled stochastic-almost periodic homogenization problem 

stated as follows: 

aij{x,ujr) G AP(M^) and h(w, •) E (AP(M"))^. 
The homogenization of (fOl) follows with A = AP{R^). 

(P)3 The coupled stochastic-perturbed almost periodic homogeniza- 
tion problem: 

a^,{x,uj,-) E ^P(M^) +Co(M^) and h(c^,-) E (Cpcr(r))^ 

where Cq(R^) is the space of functions on that vanish at infinity. It is 
a fact that A = AP{R^) +Co(K^) is an ergodic iJ-supralgebra (called the 
algebra of perturbed almost periodic functions) satisfying the assumptions 
of Theorem |8l see [32] . Thus we get the homogenization of (|6.ip with the 
above A. 

(P)4 The coupled stochastic-weakly almost periodic homogenization 
problem stated either as 

a^j{x,uj,-) E WAP{R^) and h(w,-) E {AP{R^))^ 

or 

a^J{x,uJ,■) E WAP{R^) and h(cj, •) E {WAP{m.^))^. 

In each of the above cases we are led to the homogenization of (16. ip with 
A = WAP{R^). 

(P)5 The coupled stochastic-deterministic homogenization problem in 
the Fourier-Stieltjes algebra. We first need to define the Fourier- 
Stieltjes algebra FS{R^): The Fourier-Stieltjes algebra on R^ is defined 
as the closure in B{R^) of the space 

FS^R^) = j / : ^ M, f{x) = [ exp{ix ■ y)dv{y) for some v E X,(M^)1 

where A^*(R^) denotes the space of complex valued measures v with finite 
total variation: \v\ (R^) < oo. We denote it by FS{R^). Since by [H] any 
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function in FS^,{M.^) is a weakly almost periodic continuous function, we 
have that FS{R^) C WAP{R^). Moreover thanks to 14, Theorem 4.5] 
FS(R^) is a proper subalgebra of WAP{R^). 

As i^5(R^) is an ergodic algebra which is translation invariant (this 
is easily seen: indeed ^^^(M^) is translation invariant) we see that the 
hypotheses of Theorem [8] are satisfied with algebra A = FS{Ry). 

With all the above in mind, we see that one can solve the homogenization 
problem for (j6.ip under the assumption: 

a^j{x,u,■) e FS{m.^) and h(w,-) e (AP(R^))^. 
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